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1 Introduction

1.1 Motivation

An n-dimensional lattice is a discrete, additive subgroup of R™. Such a lattice can
also be represented as the set of all integer linear combinations of some linearly
independent vectors in R"™, where the linearly independent vectors are called a
basis of the lattice. There are many famous problems on lattices, including the
shortest vector problem (SVP) and the closest vector problem (CVP). In the SVP,
one is asked to find a shortest nonzero vector in a lattice generated by a given
basis. In the CVP, one is given a basis as well as an arbitrary target vector x € R",
and needs to find a vector in the lattice generated by the basis that is closest to
the target x. Both problems have been shown to be NP-hard (under randomized
reductions in the case of SVP) [2], 12].

Micciancio and Voulgaris gave an algorithm for both problems having 29 time
and space complexity with respect to the Euclidean norm [I3]. The central part of
their algorithm is solving a variant of the CVP where additionally to a lattice basis
and a target vector one is given a description of the Voronoi cell of the lattice,
i.e., the set of all points in R™ that are at least as close to 0 as to any other lattice
vector. It is clear that the Voronoi cell can be described as the intersection of all
halfspaces HHS-IIQ(O’ v) for all lattice vectors v, where 7-[”§_H2(O, v) denotes the set of
all points in R™ that are at least as close to 0 as to v. Using the Fuclidean norm, it
is sufficient to consider all Voronoi-relevant vectors when taking this intersection.
A lattice vector v # 0 is called Voronoi-relevant if there is some x € R™ having the
same distance to 0 as to v but a strictly larger distance to all other lattice vectors.
The algorithm by Micciancio and Voulgaris uses the set of Voronoi-relevant vectors
as a description of the Voronoi cell and thus relies on the fact that there are at
most 2(2" — 1) Voronoi-relevant vectors in a lattice when the Euclidean norm
is used. This was shown in [I] with the crucial parallelogram identity that holds
exactly for norms induced by a scalar product, e.g., the Euclidean norm. The open
problems sections in [I3] asks for an extension of the algorithm by Micciancio and
Voulgaris to all p-norms, but for this one needs to find an adequate upper bound
for the number of Voronoi-relevant vectors with respect to arbitrary p-norms.

1.2 Summary of results

The main goal of this thesis is to analyze the number of Voronoi-relevant vectors
in a lattice with respect to norms other than the Euclidean norm.
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First, it will be shown that the upper bound 2(2" — 1) shown in [I] still holds
for strictly convex norms in the case n = 2, i.e., that a two-dimensional lattice has
at most six Voronoi-relevant vectors with respect to an arbitrary strictly convex
norm. A norm | - || is called strictly convex if for all z,y € R™ with = # y
and ||z]| = |ly|| and all 0 < 7 < 1 it holds that |7z + (1 — 7)y|| < ||=|. For
non-strictly convex norms an example of a two-dimensional lattice will be given
where the Voronoi-relevant vectors are not sufficient to determine the Voronoi
cell. Thus, the notion of generalized Voronoi-relevant vectors will be introduced.
For two-dimensional lattices with non-strictly convex norms it will be shown that
the number of generalized Voronoi-relevant vectors is not bounded by a constant,
which yields that there is no generalization of the upper bound 2(2" — 1) shown
in [I] for non-strictly convex norms.

Unfortunately, the same holds for strictly convex norms in dimensions higher
than two. The main statement of this thesis is that an upper bound, solely
depending on the lattice dimension, for the number of Voronoi-relevant vectors
does not exist for general dimensions and general strictly convex norms. For this, a
family of three-dimensional lattices will be constructed whose number of Voronoi-
relevant vectors is not bounded by a constant with respect to the 3-norm. Hence,
the algorithm by Micciancio and Voulgaris in [13] cannot be easily extended to
general p-norms, since they require that the upper bound 2(2" — 1) shown in [I]
only depends on the dimension n. Moreover, it will be shown for an arbitrary norm

|| || that there are at most (1 +45 (8\“”””))> (generalized) Voronoi-relevant vectors

in an n-dimensional lattice A, where p(A, | - ||) denotes the minimal d € R.q
such that every x € span(A) has at most distance d to some lattice vector and
A (A, || - ]]) is the length of a shortest nonzero lattice vector. This bound, while
depending exponentially on the dimension, is obviously also affected by other
lattice properties. The number of (generalized) Voronoi-relevant vectors of the
lattice families constructed for the three-dimensional, strictly convex case as well
as for the two-dimensional, non-strictly convex case will be compared with this
bound.

All these investigations raised the question how Voronoi cells and their facets
look with respect to norms other than the Fuclidean norm. Therefore, the last
part of this thesis examines the set of vectors which is sufficient to determine
the Voronoi cell of a given lattice as well as the (n — 1)-dimensional facets of
the Voronoi cell and their connectedness. Two conjectures will be stated which
have important implications: One conjecture yields that the Voronoi cell of a
lattice with respect to a strictly convex norm is determined completely by the
Voronoi-relevant vectors, and the other conjecture implies that under sufficiently
nice norms there exists a bijection between the (n — 1)-dimensional facets of the
Voronoi cell and the Voronoi-relevant vectors. The latter statement will be shown
for two-dimensional lattices without using the conjectures. For two-dimensional
lattices it also holds that these facets are connected, which is probably not true
for higher dimensions, since there exist Voronoi cells of finite sets of points with



1.3 Problem definition

unconnected facets when a p-norm for p € N,p > 3 is used. Additionally, one of
the two conjectures leads to a fundamental result about bisectors: The bisector
between two given points a,b € R™ with a # b is defined as the set of all x € R”
having the same distance to a as to b. Under sufficiently nice norms and the
assumption of the mentioned conjecture, it holds that the bisector between a
and b intersected with the bisector between b and ¢ is homeomorphic to R" 2 as
long as a, b, ¢ are non-collinear. To the best of my knowledge, this result is only
known for at most three dimensions [10] and it is known that each such bisector
is homeomorphic to R"™! [6].

1.3 Problem definition

Throughout this work the following notation will be used:
e N denotes the set of all strictly positive integers.

e For aring R, elements in R" are column vectors. For x € R", the transposed
row vector is denoted by z7. Analogously for z1,...,x, € R, the transposed
(z1,...,2,)T € R™ is a column vector.

e The dot product on R" is denoted by

(,) ' R"xR" — R,

(2, y) — 2"y

e For p € R with p > 1,

- llp : R" — Ry,

T e
(X1, ..y Tp)” —> (Z |mi|p>
denotes the p-norm on R™. The oco-norm on R” is given by
| floo : R™ — Rao,

(z1,...,2,)" — max{|z;| |i € {1,...,n}}.

e Let V C R" be a subspace with norm || - || : V' — Rs. For r € R5y and
c € V define

Byiale) = {z € V| e — el < 7} and
B||‘H7T(C) = {x eV | ||ZE — C|| < 7"}.

e For a subset S CR™ and A € R as well as t € R™, let AS := {\z | z € S}
and S +t:={z+t|ze S}
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e For a subset S C R", the linear span of S is denoted by

span(S) := {Z Aiv;

i=1

mGN,viES,)\iGR}.

e For a subspace V' C R" let dim(V') denote its dimension.

e For a submanifold X C R"™ of dimension m < n with M C X measurable,

vol,, (M) = / () do

denotes the m-dimensional volume of M, where

1 JifeeM
““X_”Q””H{o,ﬁxeX\M

is the indicator function of M.
e An adjusted version of the signum function will be used which is given by

sgn: R — {1, -1},

1 Lifzzo0
* 1 ,ifz<0 -

e Whenever m elements aq,...,a,, are listed, it is assumed that m € N.

The main object of study are lattices.
Definition 1.1 Let by, ..., b, € R" be linearly independent. Then

qm“w%y:{zy@ %“W%ez}
i=1

is a lattice with basis (by,...,by). In addition, n is called the dimension and m
the rank of the lattice.

A classical result — e.g., shown in [4] — is that a subset A C R" is a lattice if
and only if it is a non-trivial discrete subgroup of (R™, +). To state this formally,
one needs to introduce the notion of a discrete subset of R™.

Definition 1.2 A subset A C R"™ is called discrete if there exists € € Ryg such
that for every x,y € A with x # y it holds that ||x — y||s > €.

Proposition 1.3 Let A C R"™. There exist linearly independent by, ..., b, € R"
with A = L(by, ..., by) if and only if (A, +) is a discrete subgroup of (R™,+) with
A #{0}.




1.3 Problem definition

Commonly investigated quantities of lattices are their successive minima as
well as their covering radius. Here, mostly the first successive minimum is needed,
which equals the length of a shortest nonzero lattice vector. The covering radius
is the smallest d € R such that all vectors in the linear span of the given lattice
are at most of distance d from a lattice vector.

Definition 1.4 Let || - || : R® — R be a norm and let A C R™ be a lattice of
rank m. Fori € {1,...,m}, the i-th successive minimum of A with respect to || -||
18

Ai(A, |- ]]) == inf {r € Rxq | dim (span (A N By+(0))) > i} .
The covering radius of A with respect to || - || is

p(A |- ]]) :==inf{d € Rso | Vo € span(A)Jv € A : ||z —v|| < d}.

Apart from these classical notions, this thesis is mostly concerned with the
Voronoi cell of a lattice. Such a Voronoi cell can be defined for every element from
a given discrete set of points as the set of all vectors that are at least as close to
this element as to any other point of the given set. If the given set of points forms
a lattice, all Voronoi cells for the lattice points will be translates of the Voronoi
cell of the lattice origin such that is enough to consider this specific Voronoi cell.

Definition 1.5 Let || - || : R® — R be a norm and let P C R"™ be a discrete
subset. The Voronoi cell of a € P is defined as

Vip(a) :={x € span(P) | Vb € P : ||l — a| < ||z — b|[}.

If P is a lattice, V(P, || - ||) := V.,»(0) denotes the Voronoi cell of the origin.

Maybe the most important definition for this thesis is the notion of Voronoi-
relevant vectors since the main task of this work is to analyze the number of these
vectors.

Definition 1.6 Let || - || : R — R be a norm and let A C R™ be a lattice. A
lattice vector v € A\ {0} is a Voronoi-relevant vector if there is some x € span(A)
such that ||z|| = ||z — v|| < ||l —w] holds for all w € A\ {0,v}.

The idea behind this notion is that one does not need to consider all lattice
vectors in Definition [L.5l of the Voronoi cell when the Euclidean norm is used.
Instead, the Voronoi cell of the origin of a lattice is already specified as the set
of points in the linear span of the lattice which are at least as close to 0 as to
all Voronoi-relevant vectors. This connection between Voronoi cell and Voronoi-
relevant vectors will be formally examined in Section [4.3]

For both concepts it is natural to consider them in terms of bisectors and half-
spaces.

Definition 1.7 Let V' C R" be a subspace with norm | - || : V. — Rsq. For
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a,b €V, the bisector of a and b with respect to || - || is defined as
Hiyla,b) :={z €V | [z —al = ||z — b}
The corresponding strict and non-strict halfspaces are denoted by
’HH<,”(a,b) ={z eV ||x—a|]| <|z—0|} and
< L =
With this, the Voronoi cell of the origin of a lattice A can be written as
vEA

and a lattice vector v € A\ {0} is Voronoi-relevant if and only if

span(A) NH(0,v) N ﬂ Hiy(0,w) | # 0.

weA\{0,0}

During the investigations of all these geometrical objects, it will be differentiated
if the underlying norm is strictly convex or not. As seen in the following chapters,
strictly convex norms — e.g., the Euclidean norm — have a lot of nice properties.

Definition 1.8 Let V' C R™ be a subspace. A norm || - || : V' — Rs¢ is called
strictly convex if for all x,y € V with x # y and ||z|| = ||y|| and all 7 € (0,1) it

holds that ||tz + (1 — 7)y|| < ||z]|.

Note that for every norm it holds for all z,y € V with x # y and ||z|| = ||y||
and all 7 € [0,1] that |7z + (1 — 7)y|| < ||z||. For strictly convex norms, this

inequality is an equality if and only if 7 € {0, 1}.



2 Two-dimensional lattices

Already in two dimensions, some different properties of strictly convex and non-
strictly convex norms will become clear. Whereas, every two-dimensional lattice
has at most six Voronoi-relevant vectors with respect to every strictly convex
norm, the Voronoi-relevant vectors are in general not sufficient in the case of a
non-strictly convex norm to determine the Voronoi cell completely, such that a lit-
tle broader notion needs to be introduced: Generalized Voronoi-relevant vectors.
Moreover, it will be shown that every lattice of rank two has at most eight gener-
alized Voronoi-relevant vectors with respect to every strictly convex norm, but the
number of generalized Voronoi-relevant vectors is generally not upper bounded by
a constant in lattices of rank two when a non-strictly convex norm is used.

2.1 Strictly convex norms

The ideas for this section were developed in collaboration with Prof. Dr. Johannes
Blomer and David Teusner. It will be proven that every two-dimensional lattice
has at most six Voronoi-relevant vectors with respect to arbitrary strictly convex
norms. This is a direct consequence of Theorem below and the following
Proposition.

Proposition 2.1 Let A C R™ be a lattice of rank one with basis (by), and let
||| : R® — Rsq be an arbitrary norm. Then +by are Voronoi-relevant vectors.
All other lattice vectors are not Voronoi-relevant.

The proof of this proposition uses a lemma which holds for lattices of every
rank.

Lemma 2.2 Let ||| : R® — R be a norm an let A CR" be a lattice. For every
v € A and every k € N, k > 2 it holds that kv is not Voronoi-relevant.

Proof. Assume for contradiction that kv is Voronoi-relevant for some k£ > 2. Then

there exists some x € span(A) such that ||z — kv|| = ||z|| < ||z — w|| holds for all
w € A\ {0, kv}. This yields the contradiction

1 1
el <l = vl = llkw = kol = 2z — v+ (k = 1)al

< %(Hx — kol + (k= Dlfzl) = = (l=ll + (& = Dlfz[]) = [|=]]

| =
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Proof of Proposition 2.1 For every z; € Z \ {0,1} it holds that

Thus, b; is Voronoi-relevant, which directly implies that —b; is Voronoi-relevant.
By Lemma [2.2], kb; and —kb; are not Voronoi-relevant for every k € Nk > 2. [

3 1
- — ab o]l = Slball > 5111l

2

=|-—2

2

|

For Theorem [2.4] one needs the notion of a Gauss-reduced basis.

Definition 2.3 Let || - || : R® — Rx¢ be a norm and let A C R"™ be a lattice of
rank two. A basis (by,bs) of A is called Gauss-reduced with respect to || - || if it
holds that

121 < f[baf| < (161 = baf| < [|b2 + bo]-

In [7], Kaib and Schnorr show for an arbitrary norm that every lattice of rank
two has a Gauss-reduced basis. In fact, they give and analyze an algorithm which
computes a Gauss-reduced basis out of a given lattice basis. Hence, it can be
assumed that a lattice of rank two is already given by a Gauss-reduced basis.

Theorem 2.4 Let A C R™ be a lattice of rank two with Gauss-reduced basis
(b1,b2), and let || - || : R™ — Rsq be a strictly convex norm. Then +by and +by are
Voronoi-relevant vectors. In addition, £(by — by) are Voronoi-relevant vectors if
and only if ||by —be|| < ||b1+ba||. All other lattice vectors are not Voronoi-relevant.

The proof of this theorem is based on multiple lemmata, which will be discussed
below. Lemma [2.9 gives a superset of all Voronoi-relevant vectors under the same
assumptions as in the above theorem. Furthermore, Lemmata 2.13] 2.14] and 2.15]
consider all elements in this superset and determine if they are Voronoi-relevant
or not.

To prove these four lemmata, some further helpful statements will be shown.
The first two of these statements are basic properties of Gauss-reduced bases and
strictly convex norms.

Remark 2.5 Let A C R™ be a lattice of rank two with Gauss-reduced basis (b, b),
and let r € R with r # 0. Then (rby,rbs) is a Gauss-reduced basis for |r|A.

Lemma 2.6 Let || - || : R* — R be a strictly convex norm. Moreover, let
z,y € R" with x # y and ||z|| < |ly||, and let 7 € R with 0 < 7 < 1. Then it holds
that |7z + (1 =)yl < lyll.

Proof. For ||z|| = ||ly||, the desired inequality is directly given by the definition of
strict convexity. If ||z]| < |ly||, then it holds that

Iz + (1 =7)yll < 7zl + 0 =)yl < llyll
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The next lemma shows that a vector that lies “above-right”, “above-left”,
“below-right” or “below-left” of the parallelogram

P(bl,bz) = {lel +’I"2b2 | 1,79 € [—1, 1]}

is longer than the corresponding corner vector of this parallelogram if a strictly
convex norm is used and (by, be) is a Gauss-reduced basis.

Lemma 2.7 Let A C R" be a lattice of rank two with Gauss-reduced basis (b1, by),
and let || - || : R™ — R be a strictly convex norm. Moreover, let ri,ro € R. If
IT1],|m2] > 1 and max{|ri], |r2|} > 1, then ||by + sgn(rira)ba|| < ||r1by + r2bo||.

Proof. Let r1,rs € R with |rq], |ro] > 1, and distinguish the following two cases.
1. |r1] > |re| and || > 1:

Using by +sgn(riry)by = £ (r1by +7r2by) +sgn(r172) (1 — %) by, 15| > 1 and
|62 < [|b1 + sgn(ri72)ba]| leads to

1 r
151 + sen(rra)boll < —— ribs + rabal] + ( - M) 5]
] ]
1 1
< —|lr1by + rabo|| + [ 1 — — | ||b1 + sgn(rir2)be||.
‘7"1’ ’7”1‘

This shows ||b1 + SgH(Tng)bQH < ||7’1b1 + T’ng”. If ||b2|| < ||b1 + Sgn(?”ﬂ”g)bgn
or |rg| > 1, then this inequality is even strict, i.e., ||by + sgn(rir2)bs|| <
Hlel + szg”.

For |ra| =1 and [|ba|| = [|b1 + sgn(ri72)bs||, Lemma [2.6) yields

||b1 + Sgn(rlrg)b2|| =

1 1
sgn(ry)—(riby + rabe) + sgn(ryrs) (1 ) by

1] nl
< Hlel + T’QbQH.

2. |ro| > || and |ro] > 1:
Using by +sgn(rirg)by = sgn(rlm)%(rlbl +79b9) + (1 — %) by, |r1] > 1 and

|161]] < ||b1 + sgn(ry7r2)bs||, analog arguments lead to the same conclusion.
[

Using the above property for vectors outside of the parallelogram P(by, bs), it
can be easily deduced in the next lemma that every vector having 0 as one of
its closest lattice vectors must lie inside of P(by, be). From this it follows that
for every Voronoi-relevant vector v the parallelograms P (b1, be) and v + P(by, b)
intersect in their interior, which gives the superset of all Voronoi-relevant vectors
as specified and formally proven in Lemma [2.9
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Lemma 2.8 Let A CR" be a lattice of rank two with Gauss-reduced basis (b, b),
and let || - || : R® — Rxo be a strictly convex norm. Moreover, let 1,19 € R. If
|r101 + 12ba|| < ||r1by 4 robe — v holds for all v € A, then ri,ry € (—1,1).

Proof. Let ri,r9 € R with 71 ¢ (—1,1) or ro ¢ (—1,1). The rest of this proof
shows that there is some v € A with [|r1by + robo|| > ||r1b1 + r2by — ]|

Ifry =0, then [[rby —sgn(r)bill = |re —sgn(ry)[[[oa]] < [raf[[ooll = [lribi]]
follows due to r ¢ (—1,1). If 7y = 0, then it holds analogously that ro ¢ (—1,1)
and ||rabe — sgn(re)be|| < [|reba||. If |r1| = |r2| > 1, then

7101 + raby — sgn(r1)by — sgn(r2)ba|| = |r1 — sgn(ry)|[[b1 + sgn(rir2)bs||
< |ru|[[b1 + sgn(rira)ba|| = [|7101 + 720 ||

holds. Hence, it can be assumed that 7, # 0 # ro and that |ri| # |2/, and only
two remaining cases need to be considered.

L. |r1] > |re| and || > 1:

By Remark , (roby, m2bs) is a Gauss-reduced basis for |r3|A. Together with
Lemma applied to this basis, it follows that

[raba| < < ||7r1by + 12ba].

T2b1 + sgn <E . 1) T2b2
T2

If |r1| = 1, then ||r1by + roby — sgn(r1)by|| = [|r2be|| < ||rib1 + 72b2|| holds.
For |r1| > 1, Lemma [2.6] yields

||r1b1 4 roby — sgn(ry)by ||

ey ign(rl) (r1b1 + 12bs) + (1 _ ey ign(rl)) 12b2
1 1

< HT1b1 + TngH.

2. |rg| > |r1| and |re| > 1:

Analog arguments lead to ||ribi|| < |lribi + robe| as well as
||’I"1b1 + 1r9by — Sgn(’l"g)bQH < ||7”1b1 + ’I“QbQH.

O

Lemma 2.9 Let A CR" be a lattice of rank two with Gauss-reduced basis (b, bs),
and let || - || : R® — Rsq be a strictly convex norm. Then all Voronoi-relevant
vectors are contained in {£by, £by, £(by — bg), (b1 + ba) }.

Proof. Let z1, 25 € Z and let z1b; + z2b5 be a Voronoi-relevant vector. Then there
are r1,ro € R with ||ribi+72bs|| = ||r1b1+7r2ba— 2101 — 200 || < ||71b1+7r2be—v|| for all
v € A. In particular, Lemmaimplies r1,72 € (—=1,1) as well as 1y — 21,79 — 25 €
(—1,1). This leads to z1,29 € (—2,2) and thus to z;,20 € {—1,0,1}. Hence,
21bg + 29by € {£by, £by, £(by — by), £(by + be)} follows. O

10
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Now it is already shown that every lattice of rank two has at most eight Voronoi-
relevant vectors with respect to a strictly convex norm. Some of these eight
candidates can be excluded, such that only four or six Voronoi-relevant vectors
remain. For this, some further statements are needed, e.g., the next lemma shows
that in every bisector between 0 and some x # 0 the vector 7 is the unique shortest
vector.

Lemma 2.10 Let || - || : R® — Rsq be a strictly convex norm. Moreover, let
v € R" with v # 0, and let y € R" with y # 5 and ||y| = |y — z[. Then
2] < llyll holds.

Proof. Let z,y € R" with 2y # x # 0 and ||y| = ||y — z||, and assume for
contradiction that ||2]| > ||y|. Consider w := 3y + %. Then it follows from
Lemma [2.6| that [|w]| < ||%||. With this, distinguish the following two cases.

L lw = zf} < flwl:

The estimate

lall = 1o — w -+ wl
X i
< llw = all + el < 20l = [y + 5| <l + |[5]| < el
shows that 2||w]|| = ||z||, which contradicts |lw|| < [|%]|.

2. [lw—z| > [Jw]:
Now it follows that

2]l < Jw = 2| + [wl]

X T
< 2w —all = ||[w—2) - 5| < =l + || 5] < el

which is a contradiction.
O

Analogously to Lemma [2.7] it will be shown in the next lemma that a vector
lying inside of the “upper-right”, “upper-left”, “lower-right” or “lower-left” quar-
ter of the parallelogram P(by,by) is shorter than the corresponding corner vector
of P(bl, bg)

Lemma 2.11 Let A C R" be a lattice of rank two with Gauss-reduced basis (by, ba),
and let || - || : R® — Rxq be a strictly convex norm. Moreover, let 1,19 € R. If
0 < |r1|,|re] <1 and min{|ri|, |ro|} < 1, then ||r1b1 + roba|| < ||b1 + sgn(rirs)bs||.

Proof. Let r1,rs € R with 0 < |rq],|r2] < 1.
If |r1] < 1 = |ry], it holds by Lemma [2.6] that

[7101 + rabo|| = [[|7r1[(sgn(r1)by + 12b2) + (1 — [r1|)raby||
< |I'sgn(ry)by + r2ba|| = ||b1 + sgn(ri72)bs]|-

(2.1)

11



2 TWO-DIMENSIONAL LATTICES

For |ry| < 1 = |r|, the roles of r; and ry can be exchanged in (2.1) to get
l101 + 12ba| < ||b1 + sgn(rir2)be||.
If |r1], 2] < 1, Lemma [2.6] implies

7101 + roba|| = [||r2](r1by + sgn(ra)ba) + (1 — |ra|)riby]|
< max{||r1by + sgn(ra)ba||, ||r1b1||}-

By (2.1)), [|r1b1 + sgn(r2)ba|| < ||b1 + sgn(rir2)bs||. Since moreover it holds that
Hrlbln < Hb1H < Hbl—FSgHO’lTQ)bQH, it follows that ||T1b1+7”2b2” < Hbl—i-SgIl(TlT’g)bgH.
[l

The next lemma gives an easy upper bound for the covering radius. With this
bound at hand, the remaining three lemmata of this section will investigate the
conditions under which the eight candidates for Voronoi-relevant vectors stated in
Lemma 2.9 are indeed Voronoi-relevant.

Lemma 2.12 Let A C R" be a lattice of rank two with Gauss-reduced basis (by, bs),
and let || -] : R™ — Rsq be a strictly convex norm. Then for every x € span(A)
there exists v € A such that ||z — v < ||2£2].

Proof. Let ri,75 € R and z := rb; + robs. Rounding the coefficients to the
nearest integer yields z1,20 € Z and s1,89 € R with |s1],]s2] < % and r =
(z1 + 51)b1 + (22 + S2)be. Defining v := z1by + 220 leads to z — v = $1b; + S2bs.
If sy =0, then [l — v|| = [so]||b2]] < &[|b1 + ba|. If 52 =0, ||z — v < 3]|b1 + bs|
follows analogously. Hence, it can be assumed that s; # 0 # s,.
If |si| = |so] = %, then ||z — v|| = | sgn(s1)by + sgn(s2)bo| < 3oy + bof|. If
min{|s|, |s2|} < 3, Lemma [2.11] yields

2||I — UH = ||281b1 + 282b2|| < ||b1 + sgn(slsg)bgﬂ S ||b1 + bg”
O

Lemma 2.13 Let A C R" be a lattice of rank two with Gauss-reduced basis (b, bs),
and let || - || : R™ — Rxg be a strictly convex norm. Then the vectors £(by + bs)
are not Voronoi-relevant.

Proof. Assume for contradiction that b; + by is Voronoi-relevant. Then there is
some x € span(A) with ||z|| = ||z — by — ba|| < ||z — v|| for all v € A\ {0, by + ba}.
Ifz= %, then

—by + by

1 1
5 = §Hb1 — byl < §Hb1 + boll = ||zl < |lz — b4,

2 — ba]| = H

which is a contradiction.
If # # 232 Lemmal2.10/implies ||2£%2|| < ||z||. On the other hand, Lemmal2.12

shows that there is some v € A with ||z — v|| < ||2$2|| < ||z||, which is a contra-
diction.

12



2.1 Strictly convex norms

Hence, by + by cannot be Voronoi-relevant, which furthermore implies that
—b; — by is not Voronoi-relevant. O

Lemma 2.14 Let A C R" be a lattice of rank two with Gauss-reduced basis (b1, by),
and let || - || : R™ — Rxq be a strictly convex norm. Then the vectors £by and +by
are Voronoi-relevant.

Proof. To show that b; is Voronoi-relevant, i %H <
|v — 2 holds for all v € A\ {0,b;}. Hence, consider (1, 22) € Z*\ {(0,0), (1,0)}
and v := z1by + 29bs.

If 2o # 0, then it follows from Lemma [2.7] that

bl 1 1 b
H = S22 = by + 2] > S+ sen((220 = 1)za)bal] > ‘ by

2

2

If zo = 0, then it is z; ¢ {0, 1}, which implies that

b
U__
2

by

S22 = 1l > Sl > |2

Therefore, b; and —b; are Voronoi-relevant. By exchanging the roles of z; and
25 in the above inequalities, it follows analogously that H %2 H < Hv = %2 | holds for
all v € A\ {0,by}, yielding that by and —by are Voronoi-relevant.

Lemma 2.15 Let A C R" be a lattice of rank two with Gauss-reduced basis (b1, b),
and let || - || : R™ — Rxg be a strictly convex norm. Then the vectors £(by — bs)
are Voronoi-relevant if and only if ||by — be|| < [|b1 + ba]|.

Proof. First assume that b; — by is Voronoi-relevant. Then there is some

x € span(A) with ||z|| = ||z — by + ba]| < ||z —v|| for all v € A\ {0,b; — bo}. If
x # 8222 then it holds by Lemmataandﬂthat 252 < =) < |2tz
which implies [|by — bo|| < |[by + bof|. If z = 2522 then it follows that
11 = bo| = 2[Jz|| < 2[lz = byl = [|b2 + bo]-

Now assume ||by — bo|| < ||b1 + bo|| and show that by — by as well as —b; + by
are Voronoi-relevant. For this it is enough to prove that H bizby H < ||v — bl + b22 H
holds for all v € A\ {0,b; — bo}. For v € {by, —by} it holds that v —% + 2|| =
|2tz > ||25%2]|. Hence, comsider (z1,20) € Z*\ {(0,0), (1,-1), (1, 0) (0,-1)}
and v := z1b; + 2205. Then it follows that z; ¢ {0,1} or 25 ¢ {—1,0}, leading to
221 — 1| > 3 or |25 4+ 1| > 3. Thus, Lemma [2.7] implies

1

by by
U_E_I—E

1 by —b
> 5o+ sgn((22 — 12z + )b 2 || 75—

13



2 TWO-DIMENSIONAL LATTICES

Proof of Theorem 2.4 This proof follows directly from Lemmata [2.9] [2.13]
and .15 O

2.2 Non-strictly convex norms

Consider the lattice £(by,by) spanned by by := (1,1)T and by := (0, 3)7 together
with the I-norm || - ||;. In the following, the Voronoi cell V(L(by,bs), || - ||1) of
the origin will be constructed illustratively and afterwards a formal proof will be
given. For the illustrative construction one can investigate the bisectors between
0 and all generalized Voronoi-relevant vectors v € L(by, bs).

Definition 2.16 Let || - || : R® — Rxq be a norm and let A CR" be a lattice. A
lattice vector v € A\ {0} is a generalized Voronoi-relevant vector if there is some
x € span(A) such that ||z|| = ||z — v|| < ||l — w|| holds for all w € A.

The next lemma is helpful to determine which lattice vectors are generalized
Voronoi-relevant vectors since it shows that these vectors cannot be too far away
from the origin.

Lemma 2.17 Let || - || : R" — Rsq be a norm and let A C R™ be a lattice. For
every generalized Voronoi-relevant vector v € A it holds that ||v|| < 2u(A, | - |]).

Proof. Let v € A\ {0} and = € span(A) with ||z|| = ||z — v|| < ||z — w]|| for all
w € A. Then it holds that ||z|| = ||z — v|| < (A, ]| - ||) and thus

[oll = llo =z + 2] < lz = ol + [[=f] < 2u(A, [ - 1)),

[
Next, a calculation of the covering radius of L£(by,by) with respect to || - |1 is
needed in order to use the above lemma.
Lemma 2.18 pu(L(by,b9),] - |1) =

Proof. First prove ,u( (b1,b2),] - ||1) < 3. For this, let = (21,22)" € R?, and
show that ||z—wvl[; < 2 holds for some v € L(by, by). There arem € Z andr € [0,1)
with 1 = m +r. Moreover, there is k € Z such that m+3k <z <m+3(k+1)
holds. Now, show in each of the following four cases that x has distance at most

% to some lattice vector.

1. x2§m+3k+1andr§%:
|z —mby — kbo|| = |x1 — m| + |za — m — 3k| = r + (x2 — m — 3k)
1 3

< -—+4+1=-=
_2jL 2

2. x2§m+3k+1andr>%:

|z — (m+1)by — kbo|| = |21 —m — 1| + |xg — m — 1 — 3k|

14



2.2 Non-strictly convex norms

1
:(1—r)+(m+1+3k—$2)<§+1:;

3. x2>m+3k+1andx2§x1+3k+%:
|z — (m+1)by — kbo|| = |y —m — 1| + |xg — m — 1 — 3k|
=(1+m—x1)+ (xg —m—1—3k)

3
:$2—I1—3]€§§

4. x2>m+3k+1andx2>x1+3k+%:

|lx — mby — (k+ 1)bs|| = |21 — m| + |22 — m — 3(k + 1)|

3
:$1—$’2+3]€+3<§

To prove p(L(b1,bs),] - [[1) > 2, consider z := 2(1,—1)" and compute all
v € L(by,be) with ||z —v||; < % For this, let 21,20 € Z and v := z1b; + 29bs.
Then it holds that ||z —v|j; = |3 — 2|+ |-3 — 21 — 325|. Assuming ||z —v|j; < 2
implies |% — z1’ < %, leading to z; € {0,1,2}. According to this, distinguish the
following three cases.

1. 21 =0:
From £ > |[z—v||; = 24|32 + 32,] it follows that |1+42,| < 1, which implies
Z9 = 0.

2. 21 = 1:

Here, 3 > ||z — v||y = 1 + | + 32| yields |7 + 1225| < 5 and thus zp = —1.

3. 29 = 2:

In this case, 2 > |lz — v[i = 3 + |4 + 32| must hold. This shows

|11+ 1225 <1 and 2z = —1.

In all three cases it holds that ||z — v|| = 2, which shows that every lattice vector
has distance at least 3 to z. O

By combining both lemmata, it is enough to consider the bisectors between 0
and all v € L(by,b2) \ {0} with ||v][; < 3 in order to compute the desired Voronoi
cell. An excerpt of the lattice £(by,by) together with the boundary of By, 3(0)
is depicted in Figure 2.1} and the next lemma determines formally which lattice
vectors have norm at most three.

15



2 TWO-DIMENSIONAL LATTICES

Figure 2.1: £(by, by) with boundary of By, 3(0).

Lemma 2.19 Let 21,29 € Z. Then it holds that ||z1b1 + 22b9||1 < 3 if and only if

(21722> € {(_37 1)7 (_27 1)7 <_170)> <_17 1)? (07 _1)7 (070)7
(0,1),(1,-1),(1,0),(2,-1),(3,—-1)} =: Z.

Proof. 1f (21, 22) € Z, easy calculation shows ||z101 + 22021 = |21| + |21 + 32| < 3.

Hence, it is left to consider zi, 2o € Z with ||2161 4+ 22b2]|1 < 3. From this it
directly follows that |z;] < 3 holds. Due to symmetry, one can further assume
that z; > 0. Now distinguish the remaining cases.

1. 21 =3:
In this case, z; + 329 = 0 follows, which implies zo = —1.
2. 21 = 2:

From |z; 4+ 325| < 1 one deduces 3z € {—3, -2, —1}, leading to zo = —1.

3. 21:1:

Since |21 + 32z2] < 2 must hold, 3z, € {-3,—-2,—1,0,1} follows, yielding
29 € {—1,0}

4. z1=0:
Now 3|23] < 3 needs to holds, which implies z, € {—1,0,1}.

16



2.2 Non-strictly convex norms

When computing the bisectors between 0 and the lattice vectors specified in
the above lemma, it follows from the symmetry that only three different kinds
of bisectors need to be examined. These are shown in Figure 2.2 Since these
bisectors are at the moment only used for illustration, a formal proof stating that
the bisectors look exactly as depicted in the figure is omitted.

T

Figure 22 Hﬁnl(o, bl), ,HW”l(O, b2) and HTHI(O’ b2 - bl)

Intersecting these bisectors suggests that V(L(by,bs), || - ||1) looks as given in
Figure [2.3] where the Voronoi cell is partitioned into two parts

V(L(b1,2), || 1) = VO (L(b1, ba), [ - (1) W V(L1 ba), || - [])-
Definition 2.20 Let || - || : R® — R>g be a norm and let A CR™ be a lattice.
VO -) = {x € span(A) | Yo € A\ {0} : [la]| < [lz — o]}

denotes the strict Voronoi cell of the origin of A with respect to || - ||. In addition,
define

VO [1) = VA - DA VO - 1D

Additionally to these figurative ideas, a formal proof to specify the Voronoi cell
and its two parts will be given now.

Proposition 2.21 [t holds that

V(L (b1, b2), || - 1)
()

and VO (L(b1,b), || - 1) = 8 USY USY USY, where

8 = {i ( o ) e R?
o)

3 )
‘l’ll < 1, ‘Z’Q‘ < 1, |.T1 +l’2| < 1, ’l’l —.172‘ < 5} = S(l)

$1+332 = 1,I1 € (0,1)},

17



2 TWO-DIMENSIONAL LATTICES

Figure 2.3: V@O (L(by, by), ||-]l1) (light gray) and V© (L (b1, by), || - ||1) (darker gray).

o x 3 1
Sé): {:l:(x;)GRQ ZE1—$2:§,$1€ (5,1)},

3
S?Eo) = {:l:(xl ) GRQ ZElz]_,ZEQSO,l'l—I'QSE},

X2

3
Sio)::{:l:<xl)€R2 120,00 < —1,27 — 29 < = }
T2 2

The proof of this proposition is split up in the three following lemmata.
Lemma 2.22 V(L(by,bs), || 1) €SP US? US uS us?.

Proof. Let x = (z1,2)" € R? with z ¢ S® U 81(0) U Séo) U S?EO) U Sio). It is left to
show that = & V(L(by,bs), || - ||1), i.e., that there is some v € L(by, bg) such that
[l = wlly <l

Due to symmetry, one can assume that x;y > 0. Now distinguish the three
following cases.

1. 25 <O0:

Assume for contradiction that z; — 22 < % Then it follows from x ¢ Sg(,o)
that z; < 1. Analogously, = ¢ Sio) implies o > —1. Hence, it holds that
21| < 1, |2a] < 1 and |21 + 22| < 1. Since z ¢ W, 21 — 25 = |77 — 22| > 3
must hold, which implies x; = % + 9 > % But now it follows that x € 82(0),
which is a contradiction.

Therefore it holds that |z|[; = 21 — 2o > 2, and Lemma shows that

|z —v|l; < 2 < ||z]|; must hold for some v € L(by, bs).

18



2.2 Non-strictly convex norms

2. 25 >0 and x1 4+ 25 > 3
In this case it directly follows from Lemma that for some v € L(by, b)
it is ||zl = 21 + 22 > 2 > |Jz — vl]1.

3. 23> 0and z + 25 < 3

First, assume for contradiction that z; = 0. Since x ¢ S, it must hold
that o > 1, but then x € Sio) would follow, which is a contradiction. Thus,
z1 > 0 holds.

Secondly, assume for contradiction that 7y + o < 1. From x; > 0 and
x9 > 0 it follows that x; < 1 and 9 < 1. This further implies |z — xq| < 1.

Furthermore, 2 ¢ S yields x; + 25 > 1. Hence, 21 + 25 = 1 and 2 € Sfo)
follow, where the latter is a contradiction.

Thus, [|z|y = 21 +22 > 1 and x; > 0 hold. The rest of this proof shows
that ||ZL‘ — b1||1 = |ZE1 — 1| + |CL’2 — ]_| < ||J]||1

If 1 <1and zo <1, then ||z — b1 =2 — 21 — 22 <1 < ||z||; holds.

For x1 > 1, 21 + 29 < % implies x5 < % and thus it follows due to x5 > 0

that ||z — bi]|1 = 21 — 22 < 21 + 22 = ||2|1.

For x5 > 1, one shows analogously ||z — b1||; = —21 + 2o < 21 + 22 = ||2|1.
[
Lemma 2.23 S C VO(L(by, by), | - [1)-

Proof. Let © = (z,22)7 € S® and assume for contradiction that
r & VO(L(by,by),| - |l1), i.e., that there is some v € L(by,by) \ {0} such that
|z — w1 < ||z]j1. In addition, let 21, 2o € Z with v = 2101 + 29bs.

Due to symmetry, one can assume that x; > 0. Depending on x5, two cases
need to be distinguished.

1. 29 > 0:

In this case, it is |zy — 21|+ |22 — 21 — 32| = ||z — 0|1 < |Jz|i =21+ 22 < 1
and thus |z — 21| < 1, which implies z; € {0,1}. Examine both of these
cases independently as follows.

a) zp =0:
|zo — 329| < 1 leads to z; = 0, which is a contradiction to v # 0.
b) Z1 = 1:

Again, it follows from |xs — 1 — 32| < 1 that zo = 0, but this further
implies that ||z —v|[y = |z1 — 1| +|z2 — 1| =2 -2 —x9 > 1. Thisis a
contradiction to ||z —v|j; < 1.
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2. 29 < 0:
It holds that |z — 21| + |22 — 21 — 32| = [lz — v|y < |jz|h = 21 — 22 < 3.
Hence, it is |z1 — 21| < % and |xe — 21 — 325] < %, and these two inequalities
yield z1, —2z;3 — 325 € {—1,0,1,2}. According to z;, these four cases will be
distinguished.
a) z; =—1:
Then, it is —329 € {—2,—1,0, 1}, which leads to zo = 0. Therefore,
oy > —1 yields the contradiction ||z — v|j; = |z1 + 1| + |z2 + 1| =
24+ 21 +x9>21 — T9 = ||(L’H1
b) 21 = 0:
In this case, =323 € {—1,0, 1,2} holds, which shows that z; = 0, but
this is a contradiction to v # 0.

c) z1=1:
Now, —3z € {0, 1,2,3} must hold, yielding 2, € {—1,0}. If 25 = —1,
then =1 — 2o < 2 leads to ||z — v[i = |z1 — 1] + |22 + 2| =
3—x1+1x9 > 11 — w9 = ||]]1. If 25 = 0, then it follows from z; < 1
that [|[z — |1 = |x1 — 1| + |xzg — 1| =2 — 21y — 29 > 21 — 22 = ||2||1.
Hence, both cases contradict ||z — vl|; < [|z||;.

d) z1=2:
Here, —32z5 € {1,2,3,4} holds, which implies z; = —1, but this gives the
contradiction ||x—vlj; = |x1—2|+|xe+1| = 3—x1+x9 > 21—22 = ||2]|1.

]

Lemma 2.24 S\” U S U Sg(,o) US? C VO(L(by,bo), || - [l1). In addition, for
all (z1,22) € T\ {(0,0)} it holds that z1by + 22by is a generalized Voronoi-relevant
vector with respect to || - ||1-

Proof. Let v = (z1,25)7 € Sl(o) U Séo) U Séo) U Sio). It is left to show that
|z — v||1 > ||z||; holds for all v € L(by,bs), and that there is some w € L(by, bs)
with w # 0 and ||z — w|[y = ||z||;. For this, consider all v € L(by,by) with
|z — v||1 < ||z]|; and show that ||z — v||; = ||z||; needs to hold. The proof distin-
guishes four cases according to the four sets S](O) for j = 1,2, 3,4, and finds in every
case at least one lattice vector w # 0 with ||z — w||; = ||z||1, which in particular
shows that these lattice vectors are generalized Voronoi-relevant vectors.

Hence, let 21,20 € Z and v := 21by + 20by with |z — 21| + |22 — 21 — 32| =
|z — v||1 <||z]|1, and consider the four following cases.

1. xeSfO):{i(il)eR@
2

Due to symmetry, one can assume that x; € (0,1). Then it follows that
|lz|li = @1 + z2 = 1, implying |21 — z1| < ||z — v|l; < 1. Thus, it is
z1 € {0,1}. Now distinguish these two cases as well.

T +a0=1,11 € (0,1)}:
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2.2 Non-strictly convex norms

a) z =0:
Since |r9 — 32| < ||z — v[|; < 1, it holds that z = 0 and v = 0.
b) z = 1:

Now, |xg —1—325] < 1 needs to hold, which implies again z, = 0. This
time it follows that v = b; and that ||z —v||; = |21 — 1| + |22 — 1] =
2 — 11 —x9 = 1 = ||z]|;. Additionally, the vectors £b, are generalized
Voronoi-relevant.

2. xeSéo):{i(il ) ER? |z —mp =32 € (%,1)}:
2

Due to symmetry, one can assume that z; € (%, 1). Then it follows that
x|y = 21 — x2 = 2. This yields |21 — 21| < ||z — v]; < 2 and analogously
|zg — 21 — 32| < %, which implies z;,—z; — 3z, € {0,1,2}. With this,
distinguish the cases according to zj.

a) z1 =0:
—3z5 € {0, 1,2} leads to z = 0 and v = 0.
b) z =1
Here, it must hold that —3zy € {1,2,3} and thus z; = —1. Then, it is
v="b—byand ||z -0l =|z1 — 1|+ |22 +2| =3 —z1 + 22 = 3 = |21
c) 21 =2
From —3z, € {2,3,4} it follows again that zo = —1. Hence, it is
v=2b;—byand ||z —v|y = |v1 —2|+|z2+ 1| =3—x1+x2 = 3 = ||z1.

Additionally, this case and the upper case show that +(b; — by) and
+(2by — by) are generalized Voronoi-relevant vectors.

.xESéO):{i(?)ERQ
2

Due to symmetry, one can assume that x1 > 1. Then it is ||z||; = z1—x9 <
This yields |z1 — 21| < ||z — v[i < 2 and analogously |z — 21 — 32| < 3,
which implies z; € {0,1,2,3} and —z; — 322 € {—1,0,1,2}. With this,
distinguish the cases according to z;.

2

121,290 <0,21y —2 < §}3

[SC\] [OV]

a) z; = 0:
—32 € {—1,0,1,2} gives zo =0 and v = 0.
b) zy =1:

—3zy € {0,1,2,3} implies z, € {—1,0}. If 2o = —1, then xy > —%

yields together with zy — zo = ||z]jy > ||z — v||1 = |z1 — 1| + |22 + 2| =

14+ x1 + z9 that x5 = —%, and from this it follows z; = 1 as well as
3

|z —v|y =5 = [|z[[1. If 22 = 0, then it is ||z —v|[y, = |21 — 1| +|z2—1] =

1 — 9 = ||z||; for every x € Séo) with zq > 1.
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2 TWO-DIMENSIONAL LATTICES

c) z1=2:
Here, it must hold that —3z, € {1,2,3,4}, which leads to z, = —1.
Furthermore, 1 — 2o < 2 and 21 — 2 = ||z]i > [z — o) =
|zy — 2| + |.CE2 + 1] = 3 — 2 + 29 imply 27 — 29 = %, which gives
|z —vlly = 5 = [l

d) z =3
Now —325 € {2,3,4,5} holds, which implies 2o = —1 and v = 3b; — b.
Moreover, it follows from z; < 2 and 2y — x5 = [|z]1 > [l — o]} =
|1 — 3| + |x2| = 3 — 21 — x9 that x; = % holds. Hence, o = 0 and

|z — v]y = 2 = |lz[j;. In addition, this shows that £(3b; — bs) are
generalized Voronoi-relevant vectors.

4, xESﬁ"):{i<§1>eR2
2

Due to symmetry, one can assume that zo < —1. Then it is x + b; € S?EO)
with 27 + 1 > 1. Furthermore, it is ||(z 4+ b1) — (v + b1)||1 = ||z — v]1 <
|z|l1 = #1 — 22 = ||x + b1]|:. Hence, the above investigation for 8§0) already
shows that v + by € {0,b; — ba, by, 2by — bg,3b; — by} — which is equivalent
to v € {—by, —b2,0,b1 — by, 2b; — bo} — and that ||z — v||; = ||z| must hold

N

I‘1>0I2 —1$1—I2§

in every case according to v. Additionally, in the case v = —b; it follows
that ||z — v||; = ||o||; holds for every x € S with 2, < —1, and the case
v = —by shows that b, are generalized Voronoi-relevant vectors.

O

These three lemmata give proof of Proposition [2.21] as well as a direct corollary
specifying all generalized Voronoi-relevant vectors of £(by, b) with respect to ||-||1.

Proof of Proposition|2.21. The proof follows directly from combining Lemmata
2.22] 2.23| and [2.24] since VO (L(by, bs), || - ||1) and VO (L(b1,by), || - ||1) are disjoint
by definition. ]

Corollary 2.25 Let z1,29 € Z. Then it holds that z1b; + z3bo is a generalized
Voronoi-relevant vector with respect to || - ||1 if and only if (21, 22) € T\ {(0,0)}.

Proof. This statement is a direct consequence of Lemmata [2.17, .18, 2.19] and
2.24] ]

Moreover, all Voronoi-relevant vectors can be computed as follows.

Lemma 2.26 v € L(by,by) is Voronoi-relevant with respect to || - ||1 if and only if
v = j:bl

Proof. Since every Voronoi-relevant vector is a generalized Voronoi-relevant vec-
tor, it holds for every Voronoi-relevant vector z1by + 29by € L(by,by) by Corol-
lary that (z1,22) € Z\ {(0,0)}. Due to symmetry, only five different values
for (21, 22) need to be considered.
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2.2 Non-strictly convex norms

1. (21,22) = (O, 1)

In this case, it will be shown that the vectors +b, are not Voronoi-relevant
because for every z € R? with ||z||; = ||z — ba||1 it is ||z + by — bals < ||z|;-

To see this, let # = (71, 22)T € R? such that |z1|+ || = [|z]|1 = ||z —ba||1 =
|21] 4 |2 — 3|. Consequently, x5 = 2 holds (cf. Figure . Now distinguish
the following three cases.

a) x> 0:

Here, even the following equality
3
lz+ b1 = b2l = 21+ 5 = [l2fl = [z = bafa (2.2)

holds.
b) —1 <z <O0:
It follows that ||z + by — balli = 21 + 3 < —z1 + 2 = ||z]}1.
c) r1 < —1:
Then it holds that ||z + b — ba||; = —x1 — % < —x1 + % = [|z]1.
- (21,20) = (3,—1):
In this case, it will be shown that the vectors +(3b; — bg) are not Voronoi-

relevant because for every x € R? with ||z||; = ||# — 3by + bs|; it holds that
[l = 201 4 bolly < [llx.

This can be seen completely analogously to the case (z1,22) = (0,1) above
by exchanging the roles of x; and z5. In particular, it holds for x5 > 0 that

3
Iz =261 + bolly = w2 + 5 = 2]l = |l = 3b1 + Do (2.3)

c(z1,20) = (—1,1):

In this case, it will be shown that the vectors £(b; — by) are not Voronoi-

relevant because for every x € R? with ||z||; = ||z + by — ba]|; there is some
(S {bl, bg, —2b1 + bg} such that ||[E — U||1 S ||I”1 holds.
To see this, let * = (z1,29)7 € R? such that |z1| + |zo] = ||z|i =

|z 4+ b1 —ba||1 = |21+ 1|+ |22 — 2|. Now distinguish the following three cases
(cf. Figure[2.2).
a) xp > 0:

Then it must hold that |z5| —1 = |25 — 2|, which leads to z, = 2. Thus,
in this case (2.2)) holds as well.

b) —1<x; <O0:
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2 TWO-DIMENSIONAL LATTICES

From ||z||; = ||z + b1 — ba||1 it follows that |xe| — 2z1 — 1 = |25 — 2| and
thus 9 — 2, = % Hence, ||z||; = —x1+ 22 = % holds. If z; < —%, then
it holds that ||z 4+ 20y — ball; = 3 +x1 —xp =3 =|z|. oy > —3,
then it is ||z — by||; = —x1 + 22 = 2 = ||2|1.

c) r1 < —1:

Then it follows that |zs] + 1 = |22 — 2|, which implies 5 = 3. Due

to #; < —1, it moreover holds that [z + 2b; — byly = |z + 2| + 5 <
1 _

—T1 + 5 = ||I||1

4. (z1,29) = (2,—1):

In this case, it will be shown that the vectors +(2b; — b9) are not Voronoi-
relevant because for every x € R? with ||z||; = ||z — 2b; + ba|; there is some
v € {by, by — by, 3by — by} such that ||z — v||; < ||x||; holds.

This can be seen completely analogously to the case (21, 22) = (—1,1) above
by exchanging the roles of x; and x5, and using ({2.3]).

. (z1,22) = (1,0):

This final case will show that 4b; are Voronoi-relevant. For this, let

z = 3by to get |lz[l; = 1 = ||z — b1, and assume for contradiction that
there is some v € L(by,be) \ {0,b1} with ||z —v||y < 1. Let 21,20 € Z
such that v = 21b; + 2305 From ||z — v||; = ‘% —zl| + {% — 21 — 322‘ it

follows that ‘% — z1| < 1, which shows z; € {0,1}. Thus it needs to hold
that ‘% —322‘ <1 or !—% —322‘ < 1, but both cases imply z; = 0 and

v € {0,b,}, which is a contradiction.

O

This lemma as well as the above Voronoi cell lead to the observation that the

Voronoi-relevant vectors are in general not sufficient to determine the Voronoi cell
of the origin of a two-dimensional lattice completely when a non-strictly convex
norm is used. This is expressed by the following corollary, and leads to the con-
clusion that all generalized Voronoi-relevant vectors need to be considered under
the usage of a non-strictly convex norm. The relation between the Voronoi cell of
the origin and the (generalized) Voronoi-relevant vectors will be examined more
formally in Section

Corollary 2.27 [t holds that (I —5—7; Vg V(L(by,b), || - ||1), although

holds for all v € L(by,bs) that are Voronoi-relevant with respect to || - ||1.
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2.2 Non-strictly convex norms

Proof. (£,—5)T ¢ V(L(b1,b2), |-|l1) is a direct consequence from Proposition [2.21]

Simple cgz;lcuslation shows ||(Z, —I)” _blH1 =2 = H(%,—%)T—l—blHl as well as
(L, —%)TH1 = 7, and the statement follows by Lemma [2.26] O

Unfortunately, for generalized Voronoi-relevant vectors in two-dimensional lat-
tices under non-strictly convex norms one cannot find an analogous result to
Voronoi-relevant vectors in two-dimensional lattices under strictly convex norms.
In fact, the number of generalized Voronoi-relevant vectors is not upper bounded
by a constant in this setting.

Theorem 2.28 For every m € N there is a lattice A,, C R? of rank two with at
least 2 (2 |2 | + 1) generalized Voronoi-relevant vectors with respect to || - ||1.

Proof. Let Ay, = L(bym1,bm2), where b, 1 = (1,1)T and by, 2 = (0,m)”. Further-
more, consider z := %bmz. The rest of this proof shows that for every v € A,,

it holds that ||z — v|l; > 2, and that there are exactly 2 | 2| + 2 lattice vectors
fulfilling the equality ||z —v| = .

Hence, consider additionally v = 21b,,1 + 220, 2 With 21,20 € Z as well as
2 > |z —vlli = || + |21 +m (22— 1)|. This implies both [z;| < 2 and
|z1 +m (22 — %)‘ < % — |z1|. With this, distinguish the following four cases.

1. zy > 0and 2z > 1:

In this case, 21 +m (22 — %) < 3 — 21 holds, which implies m > 22, +mz,
mze > m and thus 2o = 1 as well as z; = 0 follow. Therefore, ||z —v||; =

holds.

2. z1 >0 and 2z <0:

Assume for contradiction that z; +m (z2 — %) > 0. Then z; > m (% — z2) >
% holds, which contradicts |z;| < 7.

Hence, it holds that z; +m (22 — %) < 0, which leads to —z; +m (% — 22) <
% — 21. Thus, 25 > 0 follows, yielding 2o = 0. For all z; € [0, %} it now
holds that ||z —v[j, = %.

3. z1 <0 and 2 <0:
In this case, —z1+m (% - 22) < 3 +21 holds, which leads to the contradiction
0 < —22; < =2z — mzy < 0. Therefore, this case cannot occur.

4. z1 <0 and z > 1:

Assume for contradiction that z; +m (22 — %) < 0. Then z; < m (% — 22) <
—3 holds, which contradicts |z < .

Hence, it holds that z; + m (22 — %) > 0, which yields z; +m (22 - %) <

% + 21. Thus, 2, < 1 follows, leading to z; = 1. For all 2; € [—%, O) it now
holds that ||z —v[j; = 7.
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2 TWO-DIMENSIONAL LATTICES

Summing up, these cases show that ||z —v|; = % holds if and only if z, = 0
and 2z € [0,%] or 2, = 1 and 7z € [-%2,0], and that ||z — v|[; > % holds
for every v € A,,. Therefore, 2101 + 22b,,2 is a generalized Voronoi-relevant
vector if z9 = 0,21 € (O, %] or zo = 0,21 € [—%,O) or zo = 1,21 € [—%,O] or
zo=—1,21 € [0, %} In total, these are 2 (2 L%J + 1) generalized Voronoi-relevant
vectors. O

In contrast to that, Lemma [2.9 and its proof also hold for generalized Voronoi-
relevant vectors instead of Voronoi-relevant vectors, which shows that every lattice
of rank two has at most eight generalized Voronoi-relevant vectors with respect
to an arbitrary strictly convex norm, but — as shown in the above theorem —
the number of generalized Voronoi-relevant vectors for lattices of rank two is in
general not bounded from above by a constant when working with non-strictly
convex Norms.

26



3 Higher-dimensional lattices

Now one knows that the upper bound 2(2" —1) for the number of Voronoi-relevant
vectors holds for the Euclidean norm in every dimension n, and that it further
holds in the case n = 2 for every strictly convex norm. Unfortunately, this is not
true for arbitrary strictly convex norms in higher dimensions. Even worse, there
is no upper bound at all which only depends on the lattice dimension. This is
shown in the next section.

An upper bound that also depends on other lattice properties and not only on
the dimension is shown in Section This section also points out the conse-
quences for the algorithm by Micciancio and Voulgaris [13] arising from the result
that no upper bound for the number of Voronoi-relevant vectors can only depend
on the lattice dimension when a general p-norm for p € N, p > 3 is considered.

3.1 Generalizations

In the following, a family of three-dimensional lattices of rank three will be con-
structed such that their number of Voronoi-relevant vectors with respect to the
3-norm || - ||3 is not bounded from above by a constant. The idea is to use a
lattice of the form L(eq, es, Me3), where (e1, ez, e3) denotes the standard basis of
R3 and M € N is chosen sufficiently large, and to apply some rotations to this
lattice. These rotations will depend on a parameter m € N such that every lattice
in the family is rotated differently. The basis vectors of the rotated lattices will
be denoted by by,.1, by 2 and b, 3 and will coincide with the rotated versions of e;,
eo and Meg, respectively. The intuition is to rotate L(eq, es, Me3) such that the
line between 0 and b, ; + mb,, 2 lies in an “edge” of a scaled and translated unit
ball of the 3-norm when intersecting the plane spanned by 0, b,,; and b,,» with
the ball.

Figure|3.1]shows the unit ball of the 3-norm with and without intersections with
different planes. Let the z-, y- and z-axis denote the axes of the standard three-
dimensional coordinate system which are spanned by ey, es and e3, respectively.
As seen in Figures and [3.1d] the intersection of the ball with a plane which is
orthogonal to the z-axis (e.g., the plane spanned by 0, e; and ey) yields a scaled
unit ball of the 3-norm in two dimensions. But when such a plane is rotated around
the y-axis by 45°, as in Figures to [3.1h] it intersects the three-dimensional
unit ball of the 3-norm at one of its “edges”. These kinds of intersections are
roughly speaking as less circular as possible, and the closer the plane is to the
“edge”, the less circular the intersection is. Due to this, the plane spanned by
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3 HIGHER-DIMENSIONAL LATTICES

0, by and by, o should be of the form of the plane in Figures and
Moreover, the line between 0 and b, ; + mb,, 2 should lie directly on the “edge”
of a scaled and translated unit ball such that all other lattice points in the plane
spanned by 0, by, 1 and by, 2 lie outside of the ball. This is illustrated in Figure @
for the case m = 3. If M is now chosen large enough, every lattice point of the
form 210y, 1 + 220y 2 + 23by, 3 With 21, 29, 25 € Z, 25 # 0 will be sufficiently far away
from the plane spanned by 0, b,,1 and b, 2 such that it will also lie outside of
the ball. Then 0 and b,,; + mb,, 2 are the only lattice points in the ball, and
if they in fact lie on the boundary of the ball, it follows that b,,; + mb,, 2 is a
Voronoi-relevant vector, where the center of the ball serves as x in Definition
of Voronoi-relevant vectors.

<0

(2) By ,1(0)- (b) Byj5,1(0). - (¢) Byj;1(0)  and  (d) Figure
plane orthogo- from perspec—
nal to z-axis. tive orthogonal
to plane.

() Bz ( and (f) Figure .le g) By.;,1(0) and (h) Figure
plane mtersect- from perspectlve plane intersect- from  perspec-
ing the ball at orthogonal  to ing the ball at tive orthogonal
an “edge”. plane. an “edge”. to plane.

Figure 3.1: Bj.j,,1(0) intersecting different planes.

With these figurative ideas at hand, the rotations of L(eq, ez, Me3) will now be
described formally. These modifications of the standard lattice are also illustrated
in Figures to for the case m = 3. First, L(ey,e2, Mes) is rotated around
the z-axis until e; +mes lies on the y-axis, because all “edges” of the unit ball are
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3.1 Generalizations

Figure 3.2: Plane spanned by 0, b,, 1 and b,, » intersects ball at an “edge” such that
line between 0 and by,,1 + mby, 2 lies on the “edge” (cf. Figure [3.1h).

parallel to the x-, y- or z-axis. This rotation is realized by the matrix

m _ 1 0
vm2+1 vVm2+1
R, = . -
z vVm2+1 vVm2+1
0 0

Secondly, the resulting lattice R,L (e, e2, Mes) is rotated around the y-axis by 45°
such that after the rotation the plane formerly spanned by 0, e; and e; intersects
translated unit balls of the 3-norm at one of their “edges”. The second rotation
is given by the matrix

L 0 4

V2 V2

R, = 0 1 0
_1 0 4

V2 V2

The resulting lattice A,, := R,R.L(e1, €2, Mes) is spanned by b,,1 = R,R.e;,
b2 = RyR.es and by, 3 := MR, R.e3. Using an appropriate scaling and trans-
lation of the unit ball, the situation in Figure [3.2] can be reached. As already
mentioned, this can be used to show that b,,; + mby, 2 is Voronoi-relevant if
M is sufficiently large. Actually, A,, has considerably more Voronoi-relevant
vectors: In the following it is shown that choosing M := 5v/2m° implies that
Ni(Ams |l - lls) = ||bmlls holds for @ € {1,2,3} and that b,,; + mb,, 2 as well as
b1 + kb, 2 for all k € N,k € [2,/m] are Voronoi-relevant with respect to || - ||s.
For this, two easy lemmata are shown first.

Lemma 3.1 Let C;D € R with D # —C. The function

fﬁR—>R20,
s |C+ 2P+ |D -z
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3 HIGHER-DIMENSIONAL LATTICES

Figure 3.3: L(eq, 2, €3).

has a global minimum at 2= with function value L|D + C|3.
g 2 1

Proof. Since f'(x) = 3sgn(C' +z)(C +z)*>—3sgn(D —z)(D —x)?, f'(x) =0 holds
if and only if sgn(C' + z)(C + x)* = sgn(D — z)(D — z)?. Now distinguish the
following cases.

1. sgn(C + x) = sgn(D — z): Then f'(x) = 0 holds if and only if (C' + z)* =
(D — z)?, which is equivalent to C' + z = D — x since X — X? is bijective
on R>g and Ry, respectively. Hence, f'(z) = 0 if and only if 2 = DT_C.

2. sgn(C' + ) = —sgn(D — z): Then f’(z) = 0 holds if and only if (C' + z)? =
—(D—z)?, which is equivalent to C+x = 0 = D—z and thusto D = z = —C.
Since this contradicts the assumption D # —C| there is no x € R with
f'(z) =0 and sgn(C + z) = —sgn(D — ).

Hence, f'(z) = 0 if and only if + = 259, Since f"(x) = 6/C + x| + 6|D — z

2
is everywhere strictly positive, DT_C is a global minimum of f with f (DT_C) =

1D+ C)3. O

The next lemma computes the distance between some v € R? and the plane
spanned by 0, e; and ey after this plane is translated along the z-axis and rotated
around the y-axis by 45°.
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3.1 Generalizations

M€3

1 + meo

Py
.
.
S

€2

.
.
-“‘
.

Figure 3.4: L(ey,e9, Mes): Note that M is so large that this figure is not scaled
properly.

Lemma 3.2 Let C € R, v = (a, 3,7)T € R? and
1
0
0

0 0
Ec:=R, | R +R|l 1 ]+C| O
0 1
a—y 3
V2
Ifv ¢ E¢, then ||v — Ecl|3 = ||lv — R, B =1V2C —a — 9.
C
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3 HIGHER-DIMENSIONAL LATTICES

®
M€3
R.(e; + mes)
R.eo “¢"‘
0 Rzel

Figure 3.5: R,L(eq, e5, Me3).

Proof. First note that v € E¢ is equivalent to

o (C+4)
B = B
v 7(C —A)

for some A, B € R, which holds if and only if C' —v/2a = —C'+ /2. Hence under
the assumptions v ¢ F¢, Lemma can be applied as follows:
c A P c A P
v—FEollf = min | |—=+ = +|B-BP+|—=— —=—
o= Eelf B('ﬁ T LR R )

1
— : _ 3 e . 3 . . 3
—%161]11%|B Bl° + Vi min (|C’ V2a + AP +|C = V2y — A >

—
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3.1 Generalizations

Figure 3.6: A,, = R,R.L(e1, ez, Mes).

11 1
= ﬁ?ﬂz(] —V2a - V29 = Zl\/ﬁC —a—7f.

Moreover, it follows from Lemma [3.1] that the minima in the above equality are

reached for B = 3 and A = Q—\E’ O

With this, it will be shown that the lengths of the basis vectors of A,, coincide
with the successive minima and that b, 1 + mb, 2 is Voronoi-relevant in A,,. This
yields for general strictly convex norms that the coefficients of Voronoi-relevant
vectors, when they are represented in a successive minima basis, are not bounded
from above by a bound that depends only on the lattice dimension. Note that
this shows that Lemma [2.9| cannot be generalized to ranks higher than two.
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3 HIGHER-DIMENSIONAL LATTICES

Proposition 3.3 For every m € Nym > 2 and every i € {1,2,3} it holds that
Ai(Aas [+ ll3) = N[omills-
Proof. This statement follows from the following four intermediate steps:
L |[bmills < [|bm,2]ls:

First note that

m

1 ﬂ‘/m2+1
bmi=RR. | 0 | =| == | and
0 VW
1
0 T AVl
bm’g == RyRZ 1 = \/mLQiH
1
0 NeNCEES]
m3+v2

3 _Vemi+1 : .
NN S and [|bms|l5 = NoNsik Since m > 2, it holds

that m® > 1 and thus v2m3+1 > m®++/2, which implies [|by,2|l3 > [|bm.1]l3-

Hence, ||bpmal|3 =

2. ||bm,2||3 < ||Zlbm71 + Zgbm72 + Zgbm73||3 for all 21,R%2,23 € Z, zZ3 7é 0:

For all 21, 29, 23 € Z with z3 # 0 it holds that 210, 1 + 2201 2 + 23613 € Enrzg
using the notation in Lemma |3.2, Thus by the same lemma and the choice
M = 5v2m5,

1
2161 + 22bm2 + 23bmslls > |0 — Earslls = Z|\/§Mz3|3 > 250m'°. (3.1)
The desired inequality follows since ||by,2||3 < v2m? +1 < (V2 + 1)m?.

3. Hbm,2|l3 < HU||3 for all v € Am \ {0, bm,l, _bm,lybm,% —bmg}l

By the above estimate, only v € A, of the form v = zb,,,1 + 220y, 2 for
21, 29 € Z are left to be considered. Assume that for such a v it holds that

[]ls < [1bm,2]ls-

Since

zZ1m—z9

V2vVm2+1

zom-—+2z1

v= vm2+1 ’

zZ1m—2za

CV2vmZl

1
\/m2—4—13

it is [|o]|3 = (\/%|zlm — 2P+ |ng+2’1|3>. Hence |[v||s < [[bm2]]3
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3.1 Generalizations

implies that

1 1
—2|z1m—z2|3+ |zom + 21> <m® + —. (3.2)

V2 V2

In particular it holds that |zem + 21| < m due to z;, 25 € Z.

If 20 > 2, |2am + 2| < m implies 2; < —m. Thus it follows |z;m — 2z|*> >
(m?+2)3 > mb > (V2 + 1)m® > v2m? + 1, which contradicts (3.2). For
2o < =2, it is z; > m, which yields the same estimate with the same
contradiction.

If zo = 1, |m+ 2| < m implies z; < 0. Thus it holds that —z¥m3 <
|zym — 12 < v2m? 4+ 1 < (V2 + 1)m?, which leads to z; € {—1,0}. Since
3(vV2 — 1) < m, it follows 3(v/2 — 1)m? + v/2 < m® + 3(v/2 + 1)m, which
implies v2m® +1 < (m + 1) +vV2(m — 1)* = | —=m — 1> + vV2jm — 1)°.
This contradicts for the case z; = —1, yielding z; = 0. For 2z, = —1, it
is z; > 0, and 23m3 < |zym + 1|® leads as above to z; € {0,1}, but the case
z1 = 1 contradicts using the same estimate as above. Hence it follows
for |zo] = 1 that z; =0, i.e., v € {—=by2,bm2}

If z, =0, implies |21 *m? < v2m® 4+ 1 < (v/2 + 1)m?. Hence it holds
that z; € {—1,0,1}, i.e., v € {=bin1,0,bp1}

4. Hbm73H3 S ||Zlbm’1 + Zgbm’Q + Zgbm’gHg fOI' all 214529, 23 c Z, z3 §é OI

Since by, 3 = MR,R.(0,0,1)T = (5m® 0,5m°)", ||bysll3 = 250m!. To-
gether with (3.1]), this shows the desired inequality.

]

Proposition 3.4 For every m € N,m > 2 it holds that b,, 1 + mby,, 2 is Voronoi-
relevant in A, with respect to || - ||s.

Proof. Define

Then |z[|§ = 2m' + tvm? + I = |bm.1 + mby,2 — z||3, and the following two
estimates show that ||z||s < |[[z — v||3 for all v € A, \ {0, b1 + Mmby, 2}, which
completes the proof.

1. H[L’Hg < ||Zlbm71 + Zzbmg + Zgbm73 — ZEHg for all 21, 22,23 € Z, 23 7é 0:
By Lemma [3.2]it follows for all 21, 29, 23 € Z with 23 # 0 that

Hzlbm,l + ZQbm,2 + ZBbm,iB - 95”% Z Hl’ - EMZgHg

35



3 HIGHER-DIMENSIONAL LATTICES

1 1
= Z’\/§MZ3 —2m’]} = Zm15\1OZ3 —2?
> }lm”’ - 8% =128m".
The desired inequality follows since ||z[|3 < 2m' + £(2m?)? < 3m!5

2. |lz|ls < [z — v]||3 for all v € Ay, \ {0, b1 + mby 2}

By the first estimate, only v € A,, of the form v = zb,,1 + 22b,, 2 for
21,29 € Z have to be considered. Assume that for such a v it holds that
|z —vlls < |lzls.

Define 7 := % Then

Z
V2

zom—+2z1

U= v m22+1

%

3 3
and ||z —v||3 > ‘mf’ — \%‘ + ‘m5—|—%‘ :

If m* — % < 0, then Z > v2m® and [& —v[[} > (m® + 5)* > 8m'. 1f
m® + \% <0, then Z < —v2m5 and ||z — v||3 > (m® — \%)3 > 8m!'®. Both

cases lead to the contradiction 8m! < ||z — v||3 < ||z||3 < 3m!®.

S

Hence it can be assumed that ||z — v[|3 > (m® — \%)3 + (m® + \%)3 =

2m' + 32%m®. Using [|z]|3 = 2m" + tvm? + N implies the inequality
37°md < %\/m2 T1°. This leads to 576Z4m0 < (m? 4+ 1)% and thus to

Z| < ¢ (5";2211)03. By definition of Z, it holds that |z;m — 2| < ¢ (577;22112)5.
Since (m? +1)° = m!' + 5m® + 10m° + 10m* + 5m? + 1 < 32m! < 576m'°,
it follows that |zym — 25| < 1. Thus zym — 2o = 0 due to 21, 22 € Z. With
this, v = (0, z1v/m? + 1,0)" and |z — ||} = 2m® + @le — 13, From
|z —v|l3 < ||z||3 it directly follows that |2z; — 1| < 1, which is equivalent to
z € {0,1}, ie,, v € {0, b1 + mbp 2}

]

The most important statement of this thesis will now be formulated: The above
defined lattices A, do not only have b,, 1 +mb,, 2 as a Voronoi-relevant vector but
also by + kb, o for all k € Nk € [2,y/m]. Hence, it holds for the 3-norm that
every A,, has Q(y/m) Voronoi-relevant vectors, and that for every k£ € N one can
find a lattice that has at least & Voronoi-relevant vectors. This will be formalized
in Corollary [3.6]
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Theorem 3.5 For every k € N,k > 2 and all m € N,m > k? it holds that
b1 + kbyo is Voronoi-relevant in A, with respect to || - ||5.

Proof. For k,m € N with m > k > 2 define

k2 1 m—k k2 1
| (5 +3)m At () m
km+1
meg = §(bm,1 + kbm’Q) + , O = 2\/m—2~_7+12
k= 1 k—m k 1
(Frd)m ) \ Fzmr (S +i)n
Since %+ % > #, it holds that (%2 + %) m > # > \/igm—_anJrl7 which implies

that
3
3 m—k | k—m |
|[Tmpls = —m—=+|—+5|m| +| ———=+|—F++5|m
VPR T1 43 VPVl \1 3
N ( kEm + 1 )3
2vm?2 +1
2(k2+1>3 3+6<k2+1) m — k +(km+1)3
43 43 V2 mE+1 2v/m? + 1
= Hbm,l + kbm,2 - xm,k“%
To complete this proof, the following three estimates show ||, x||s < || Zmr — v||3
for all v € Ay, \ {0,051 + kbpo} and all m > k2

L lzmkells < [|210m1 + 22bma + 23bms — Tmills for all all m > k and all
21, %2, %3 € Z,Zg 7é 0:

On the one hand, it is 21 by, 1 +22bm 2+ 230 3 € Enrs, for all 21, 29, 23 € Z. On
the other hand, x,,x ¢ FEbr.,, because otherwise 2Mz3 = 2v2m (% + %)

would hold, which is equivalent to 60m®*z3 = 3k?+4 and hence implies z3 > 0
leading to z3 > 1 and the contradiction 60m*zs > 60k* > 4k> > 3k* 4+ 4 =
60m*z;. By Lemma it follows that

”Zlbm,l + ZQbm,Q + Z3bm,3 - xm,k”% Z ||5L‘m,k - EM23||§
3

1 K1
= - |VoMz -2+ 2
1|V2Ma (4+3)m
1 1 [k 1\
= = .1000m" |zg — — | — + =
g mE 5m4(4+3)

The prerequisite m > k > 2 yields 5# (% + %) € (O, %}. This shows for
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z3 € Z\{0} that the inequality z3— = <%2 + %) > 0 is equivalent to z3 > 1,
and that

2161 + 22bm2 + 23D 13 > 250m" (1 ! k2+1 3
210m,1 T 220m 2 T 230 3 — Tm k|3 = 5mt \ 4 3

59
> 250m!° <@) > 200m*?

The desired inequality follows since mTQ + % < m? implies

2 3
||xmk||§ < 2m® + 6m? SL + (m——i—l)
V2'Vm?+1 2vm? +1

3
< 2m’ + Z—lm3 +m? < 4m®®

Mamells < |#bma + 22bmae — Tpplls for all m >k and all

(21, 20) € Z2\ (({0,1} x {1,.... k —1}) U{(0,0), (1, k)}):

For v := 21by, 1 + 22by, 2 With 2z, 20 € Z it holds that

lv = zmills =

3
<k_2 N 1) . (221 — )m — (220 — k)
43 V2VmE 1
3
K1 221 — 1)m — (229 — k
(g ms B Bsh
V2 y/m2 + 1
‘ (2212 — k)m + (221 — 1) 3
2vm?2 +1
k2 (2z1—1)m—(220—k) k2 (2z1—1)m—(220—k)

then |lv — 2,43 > 8 (%2 + %) m3. Assume in this case for contradic-

+

3
tion that [[v = pills < |mills This implies that 6 (& +1) m® <

6 (% + 1) (\f m) (2%>3. Dividing by 6 (% + %) m and mul-
tiplying by 8vm2 + 1 ’ yields 8 (% + %)2 m2v/m2 + 1
< (m — k)*Vm2+1 + ng;ji) Using m < vm?2+1 < +2m and
2(km+1) < m(3k*+4) leads to 8’;6m5 < V2mP 4 (kmA41)? < V2mP+-4k>m?
Hence 16m® < k*m® < 2v2m + 8k* < 4m + 8m? follows, leading to
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0> 4m? = 2m — 1 =4 (m — 152} (m — 155, but this is a contradiction

since %g < %‘F’ < 1and m > 2. This shows ||[v—2Zpklls > || Zmk||s in case

B2 41 _ @ai-1)m—(22-k) 21 (221 —1)m—(220—k)
that<4+3>m NV <00r<4+3>m+ NN < 0.

Hence it can be assumed in the following that

3
K2 1 221 — 1)m — (220 — k

o — T3 = (—+—)m—“ m = 32— k)
4 3 V2 vm2 +1

T\, (20— hm— (25— k) ’
() =0
(229 — kYm + (221 — 1) |?

2v/m?2 41
3 3
K21
2 v - 3
+ (4 +3> m

:‘(QZg—k)m+(221—1)
o1\ (2= Dm— (25— k) ’
+6<4+3) ( V2imr 1 >

2vVm? +1
Thus, ||[v — Zmklls > [|Tmklls is equivalent to

+ —
V2mZ 11 2vm? + 1

' (%2 ;> " <(221 —m =% _k)>2+‘(222 — k)m + (22, — 1)‘3

>6(k—2+1>m<—m_lC ) + (—km+1 )3
403\ 1 2v/m? +1
and consequently to
f(m,k, 21, 2z2)
—6 (%2 n %) VI T 1 (221 — Dm — (22 — k) — (m — b))

+ (22 — BYm 4+ (221 — 1)]* — (km + 1)3
> 0.

With this, the following six cases can be distinguished:

a) z > 2
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If (229 — 1)m — (220 — k) < m — k, then 220 — k > 2m + k and

21
f(m7 k7zlaz2) Z —6 (kz + g) mv m2 + 1(m — ]{7)2
+ ((2m + k)ym + 3)* — (km + 1)*
K o1
> —12 <Z + §> m* 4+ ((km + 1) +2(m? + 1))?
— (km +1)?
= —=3k*m* —4m* + 6(km + 1)*(m* + 1)
+12(km 4+ 1)(m? + 1)? + 8(m? + 1)*
> —3k*m* — dm? + 6k*m* + 12km® + 8mS
> 0.

(3.4)

If (220 — k)ym + (22 — 1) < km + 1, then 2z — k < k — 2 < k holds,
implying 2o < k — 1 and 2z, — k < k — 2, which shows

K21 9 )
f(m,k,z1,22) > 6 Z+§ mvm?+1(3m —k+2)* — (m — k)?)

— (km +1)*

kQ 2 2 2
ZGZm (((m—Fk)+2(m+1))* = (m—k)?)

— (km +1)?
= 6K*m*((m — k)(m + 1) + (m + 1)?) — (km + 1)
> 12K*m®* 4+ 12k*m3 + 3k*m? — 7Tk3m?® — 3km — 1
> 5k*m?* + 12k*m® + 8km
> 0.

(3.5)

If (221 —1)m— (229 —k) >m—k and (220 —k)m+ (22, — 1) > km+1,
then it follows directly from the definition of f that f(m,k, z1, z2) > 0.
Thus it holds for every z; > 2 that f(m,k, z1,22) > 0 and this shows
[0 = Zmplls > [lzm,klls:

b) z < —1:
If —(227 — 1)m + (229 — k) < m — k, then 225 — k < —2m — k and the
same estimate as in (3.4)) holds.

If —(220 —k)m — (221 — 1) < km+ 1, then —(220 — k) <k — 2 <k
holds, implying 2o > 1 and 229 — k > 2 — k, which leads to the same
estimate as in ((3.5)).

If —(2z1—1)m+(220—k) > m—k and —(2z0—k)m— (221 —1) > km+1,
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then it follows directly from the definition of f that f(m,k, 21, 22) > 0.
c) z1 =0and 2z, > k:
It holds that 2z, — k > k and this implies

2

flm,k,z1,29) > 6 (k— + %) mvm? + 1 ((m +k)? — (m — k:)2)

4

+ (km — 1) — (km +1)? (3.6)
> 6k3m? — 6k*m? — 2
> 0.

d) z; =0and 2z, < —1:
In this case, it is zo = —a for some a € N. This yields

f(m,k,z1,20) =6 (Iif ) mvm ((—m + k + 2@)2 — (m — k)2)

+((2a+ k)ym +1)* — (km + 1)
= m?*(6ak® + 12a°k + 8a*)
+m*vVm?2 + 1(—6ak? — 8a) + m?(12ak + 12a?)
+mvm?2 + 1(6ak® + 8ak + 6a*k* + 8a*) + m - 6a
> m2a <m(6k2 +12ak + 8a?) — vVm2 + 1(6k* + 8)) .
(3.7)
Because of m > k, it is obvious that m?(24k(6k* + 8) + 144k?) =
m?(144K% + 192k + 144k?) > 36k* + 96k + 64 = (642 + 8)2, and this
is equivalent to m?((6k? + 8) + 12k)? > (m? + 1)(6k* + 8). Hence,

m(6k* + 12ak + 8a%) > m(6k* + 12k + 8) > vVm? + 1(6k* + 8) and
f(m,k, z1, z2) > 0 follow.

e) z1 =1 and 2z <O0:
It holds that 225 — k < —k, yielding the same estimate as in (3.6]).
f) z1=1and 2z > k+ 1

In this case, it is 20 = k + a for some a € N. This yields the same
estimate as in (3.7)) and thus f(m,k, z1, z2) > 0.

3. lzmulls < lz1tbma + 22bma — @mills for all m > k* and all

(21,22) S {071} X {1,,l€— 1}
For (z1,22) € {0,1} x {1,. — 1} it holds that (221 — 1)m (2z2 k) <
(2—k)<m+k:<4<% %>m<\/_<— )m\/ More-

over, (221 —1)m — (22 — k) > —m — (k —2) > \/_( )m\/i
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follows. These two inequalities show that ||z10,,1 + 2202 — Tmi||3 can be
computed as in , and that ||z16m1 + 220m2 — Tmklls > ||Tmklls 1S equiv-
alent to f(m,k,z1,22) > 0. In addition, (220 — k)m + (221 — 1) < 0 is
equivalent to zo < % (k: — %), such that the following four cases need to
be distinguished to show f(m,k, z1,29) > 0:

a) leland%(k—%)§z2<k:

In this case, it follows with m < vm? 4+ 1 < m + 1 that

L2
f(m,k,z1,20) =6 <Z
+8m’z5 — kPm® 4+ 1 — 12km>23 + 6k*m>z,
+12m?23 + 6mzy + 3k*m? — 3km
— 12km?zy — E3m® — 3k*m? — 3km — 1
> (6k? + 8)m?(22 + km) — (6k* + 8)m(m + 1)(m + k)2,
+ 8m323 + (12m? — 12km?) 22
+ (6k*m® — 12km? + 6m) 2z, — 2k*m® — 6km
= 8m’25 + (—12km® + 6k*m® + 20m?)z3
+ (—8m?* — 6k*m? — 6k*m? — 20km?* — 8m?) 2,
+ (—6k*m — 8km + 6m) 2o + 4k*m® + 8km® — 6km

R
= @gm )(22) =: p1(22).

1
+ g) mvVm? + 1(4z5 — dmzy + 4km — 4kzy)

Hence, it is enough to show that gpgm’k) (z2) > 0. For this consider x € R

with 0 < 2 < k — 1 and m > k? to get the estimate

@) (x) = 24m32? + (—24km? + 12k*m? 4+ 40m?)x — 8m® — 6k3m?
— 6k*m? — 20km® — 8m® — 6k*m — 8km + 6m
< (=24m? + 12k*m?* + 40m*)x — 8m® — 6k>m?
— 6k*m® — 20km® — 8m® — 6k>m — 8km + 6m
< (—12k*m? + 40m*)x — 8m® — 6k>m?
— 6k*m? — 20km* — 8m* — 6k*>m — 8km + 6m
< —12k*m2x + 20km? — 8m® — 6k3m?
— 6k*m? — 8m? — 6k>m — 8km + 6m
< —12k*m2%x — 4km? — 8m?
— 6k*m?* — 8m? — 6k3m — 8km + 6m
< —12k*m%x — 4km? — 8m3 — 6k*m? — 8m? — 6k*>m — 10m
< 0.
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This shows that wﬁm”“) is strictly decreasing on (0, k — 1] and thus

m,k m,k
M (2) > o™k — 1)

= (8(k —1)® = 12k(k — 1)? — 8(k — 1) + 4k> + 8k)m?
+ (6k*(k — 1)* +20(k — 1)* — 6K*(k — 1))m?
+ (=6k*(k — 1) — 20k(k — 1) — 8(k — 1))m?
+ (—=6k*(k — 1) — 8k(k — 1) + 6(k — 1) — 6k)m
= 12km® + (= 12k + 12k* — 28k + 28)m?
+ (—6k* + 6> — 8k* + 8k — 6)m.

Thus it is enough to show ¥y (m) := ¥\ (m) = ﬁgogm’k)(k’ —1)>0.
Since it holds for y € R with y > k? that

Vi (y) = 12ky — 6k + 6k* — 14k + 14
> 6k® + 6k? — 14k + 14 > 6k* + 10k + 14 > 0,

@/J%m is strictly increasing on [k?, 00) and thus
B (m) > W (k) = 3k* — 11k + 10k + 4k — 3
1 Z % =

:3k2<k—g)(k—2)+4k:—324k—3>0.

b) leland1§22<%(1€—l)i

m
Now, f can be estimated as

f(m,k,z1,22) =6 (%2 + %) mvVm? + 1(422 — dmzy + 4km — 4kz,)

— 8m?zy + K*m® — 1+ 12km®25 — 6k*m® 29
—12m?z3 — 6mzy — 3k*m? + 3km
+ 12km?zy — E3m? — 3k*m? — 3km — 1

> (6k? + 8)m2(22 + km) — (6k* +8)m(m + 1)(m + k)2,
— 8m323 + (12km?® — 12m?) 22
+ (—6k*m® + 12km?* — 6m)zo — 6k*m?* — 2

= —8m®25 + (12km?® + 6k*m? — 4m?)z;
+ (—12K*m® — 8m?® — 6k*m? — 6k*m?* + 4km?) 2,
+ (—8m? — 6k*m — 8km — 6m) 2,
+ 6k’m® + 8km® — 6k*m® — 2

(m9k)(

=2 22) =t pa(22).
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Therefore it is enough to show that gogm’k)(ZQ) > 0. For this consider

reRwith<x < g to get the estimate
oh(z) = —24m32* + (24km? + 12k*m? — 8m?)x
— 12k*m® — 8m® — 6k3m? — 6k*m?* + 4km?
— 8m? — 6k3m — 8km — 6m
< —24m3az? — 8m2x — 8m?® — 6k*m? + 4km?
— 8m? — 6k>m — 8km — 6m
< —24m3x? — 8m2x — 8m?> — 8km? — 8m? — 6k>m — 8km — 6m

< 0.

This shows that gogm’k) is strictly decreasing on (0, 5] and thus

2
05" (22) > ™Y (g)
= (—k* + 3K* — 6k — 4k + 6k> + 8k)m?
+ (gk“ — k* — 3k* — 3k3 — 4k + 2k — 6k2> m?
+ (—3k* — 4k* — 3k)m — 2
= (2K + 4k)m® + (—gk“ — 3k — 5k* — 4l<;> m?
+ (=3k* — 4k* — 3k)m — 2.
With

Ya(m) = 0 (m)
= (4K + 8k)m? 4 (—3k* — 6k® — 10k* — 8k)m
— 6k* — 8k* — 6k

it holds that gpgm’k) (%) = %wék) (m) — 2. Moreover, for every y € R
with y > k? it is

Wy(y) = (8k® + 16k)y — 3k* — 6k> — 10k* — 8k
> 8k® — 3k* + 10k — 10k* — 8k
> 13k* + 10k* — 8k > 0,

which implies that wék) is strictly increasing on [k?, 00). Thus,

P (m) > P (k2) = 4k7 — 3kS + 2% — 16k* — 8k — 8k — 6k
> 5k — 12k* — 8k® — 8k% — 6k > 8k* — 8k® — 8k? — 6k
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> 8k% — 8k? — 6k > 8k% — 6k > 10k

holds, yielding 5™* (z5) > 7™ (&) = myP(m) — 2 > 53 — 2 > 0,
c) z1:Oand1§22<%(k+%):

In this case, it is

f(m,k, z1,22) =6 (%2 + %) m\/mT—l—l(élzg +4dm — 4k)z,

— 8mi2y + EPm® + 1+ 12km>25 — 6k*m? 2,
+12m?z; — 6mzy + 3k*m® + 3km
— 12km?zy — K3m® — 3k*>m? — 3km — 1

> (6k% + 8)m?*(z2 + m)zs — (6k* + 8)m(m + 1)kzy
—8m?z5 + (12m* + 12km?*) 23
+ (—6k*m® — 12km?* — 6m) 2o

= —8m?325 + (12km?® + 6k*m? + 20m?) 23
+ (8m® — 6k>m? — 20km?* — 6k>m — 8km — 6m)z,.

Hence, it is enough to show that
03(22) 1= "M () : = —8mP22 + (12km® + 6k*m® + 20m?) 2, + 8m®
— 6k>m® — 20km* — 6k*m — 8km — 6m
> 0.

For this consider z € R with 0 < z < % to get the estimate

!/

oh(x) = —16m>x 4+ 12km> + 6k*m?* + 20m?
> 4km?® — 8m?> + 6k*>m? + 20m? > 6k>m? + 20m? > 0.

This shows that goém’k) is strictly increasing on (0, %} and thus

5" (22) = ™M (1)
= 12km® + (—6k® + 6k* — 20k + 20)m? + (—6k> — 8k — 6)m
> o™ (k- 1) > 0.

d) zleand%(k%—%) < 29 < k:
Now, f can be estimated as

K1
f(m,k,z1,22) =6 (Z + §> mvm?2 + 1(4zy + 4m — 4k) 2z,

+8m?z5 — kPm® — 1 — 12km®25 + 6k*m? 2,
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— 12m?23 + 6mzy — 3k*m?* — 3km
+ 12km?zy — E3m® — 3k*m? — 3km — 1
> (6K + 8)m? (2 + m)zy — (6k* + 8)m(m + 1)kzy
+ 8m32 + (—12m? — 12km?) 23
+ (6K*m® + 12km® + 6m)z,
— 2k°m® — 6k*m® — 6km — 2
= 8m®z5 + (—12km?® + 6k*m? — 4m?)z3
+ (12k*m?® + 8m® — 6k>m? + 4km® — 6k>m)z,
+ (=8km + 6m)zy — 2k*m® — 6k*m?* — 6km — 2
= @™ (2) = pa(=2).

Therefore it is enough to show that goflm’k)(ZQ) > 0. For this consider
xGRWithgngk—l and m > k? > 4 to get the estimate

¢ (1) = 24m3a? + (—24km? + 12k*m? — 8m?)x + 12k*m?> + 8m?

— 6k>m® + 4km® — 6k*m — 8km + 6m

> (—12km?® + 12k*m? — 8m?)x + 12K*m?® + 8m?
— 6k3m? + 4km® — 6k*m — 8km + 6m

> (—=12km® + 40m?)z + 12k*m? + 8m?
— 6k*m? + 4km? — 6k*m — 8km + 6m

> 40m2x + 12km?® + 8m?> — 6k>m? + 4km? — 6k3m — 8km + 6m

> 40m2x + 6k3m? + 8m® + 4km? — 6k>m — 8km + 6m

> 40m*z + 18k*m + 8m?® + 4km?* — 8km + 6m

> 40m2z + 18k3m + 8m?> + 8km + 6m

> 0.

This shows that gpflm’k) is strictly increasing on [k k — 1} and thus

bY)
A ) = 0 (5)
= (k* — 3K® + 6k> + 4k — 2k*)m?
+ (gk“ — k? = 3k* + 2% — 6k2) m?
+ (—=3k* — 4k* 4+ 3k — 6k)m — 2
= (2k° + 4k)m® + (—%l& — 5/8) m?

+ (—3k* — 4k* — 3k)m — 2
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m k
>y (§> > 0.

All these different cases together show that ||z, lls < ||€mi — v||s holds for
all v € Ay \ {0,001 + kbypo}t and all m > k* Combined with ||zl =
b1 + kb2 — Tymklls, this implies that b,,1 + kb, is Voronoi-relevant in A,,
with respect to || - ||3 if m > k% O

Corollary 3.6 1. For everym € N;m > 2 it holds that A, has at least 2| \/m |
Voronoi-relevant vectors with respect to || - ||3.

2. For every k € N,k > 3 it holds that A[ﬂQ has at least k Voronoi-relevant
2

vectors with respect to || - ||s-

Proof. Since the second statement is a direct consequence of the first one, it is
sufficient to show the first part of this corollary. For this, let m € N with m > 2.
For all k € N with 2 < k < [/m] it holds by Theorem [3.5| that by, + kb,»
is Voronoi-relevant in A,, with respect to || - ||3. Then —b,,1 — kbp2 is also
Voronoi-relevant for all 2 < k < |/m]. In addition, Proposition gives that
+ (b1 + mby, 2) are Voronoi-relevant vectors, and the first statement follows. [

3.2 Consequences and comparisons

In the following, an upper bound for the number of (generalized) Voronoi-relevant
vectors in an arbitrary lattice with respect to an arbitrary norm is shown. This
bound depends on the lattice dimension as well as the ratio of the covering radius
to the length of a shortest non-zero lattice vector.

Proposition 3.7 Let || - || : R" — Rxq be a norm and let A C R™ be a lattice.
Then A has at most <1 —1-4%) generalized Voronoi-relevant vectors with
respect to || - ||.

Proof. From Lemma it follows that

R(A,| - ||) :=={v € A | v generalized Voronoi-relevant w.r.t. || - ||}
€ By 2ua 1) (0)-

Since for every two lattice vectors v,w € A with v # w it holds that ||jv — w]|| >
M(A || - D), it follows that BH'”’)\l(AQ,HN) (v) N BII'H,“(AQ’”‘”)(M> = (. Moreover, for

every v € R(A,| - ||) and every z € B\Mll,w@) it is ||z|| < |l — vl + ||| <
A (A
SD | 2, |- ). Thus

Rg ||>B”"A1(A2M(U> C Bz o+ 2t (0)
vER(A,||-
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holds, which implies

RO ol (B i (0)) = 32 vol (B snn (v)

VER(AI[])

= vol, U B||,H7A1(A2,H-H) (v)

veR(A[I)

< vol, (B 1,204, )+ LD (0)> '

. A A Al A
Since 2u(A, ||-||)+ AL(A) <1+4“(<A”||”H))> WD ¢ ISBH oA %’”““(0):

AL (A
surable M C R", integration by substitution for multiple variables yields

vol,(rM) = /XTM<£IZ') dor = /XM (;) dor = TH/XM (%) Tind:c

R7 R™ R™

I+44 pAD ) B xou-p (0). For any positive constant r € Ry and any mea-
), 214D Y Y
’ 2

= T”/XM(y) dy = r" vol,(M).

R

Thus it follows that

R ) vol (B s (0)) < (1+4;’;((A—‘:||:|))) vol, (B i (0))

ich impli , HENEDRN
which implies |R(A, || - ||)] < (1 + 4>\1(A,H~|I)) : O
Corollary 3.8 Let || - || : R" — Rsq be a norm and let A C R™ be a lattice. Then
as at mos generalized Voronoi-relevant vectors with respect to
A has at most (64550 lized Voronoi-relevant vectors with tt
-1l
Proof. Assume for contradiction that u(A, | - ||) < w Then exists some

x € span(A) such that
© € By iy (0)\ By ) (0)-

Due to the definition of the covering radius, there exists some v € A\ {0} with

|z — o] < [lz]] < % This gives the contradiction

M -1 < floll < Hlo =[] 4+ [lell < Aa(A, - 1D

Hence, p(A, || - ||) > 2 A MDD must hold, which implies 1 < 2/(‘1(8\""\‘)) Plugging
this into Proposition [3.7] ylelds the desired upper bound. O
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3.2 Consequences and comparisons

As seen in the last section, there is no upper bound for the number of Voronoi-
relevant vectors with respect to the 3-norm that only depends on the lattice di-
mension. Nevertheless, at least the upper bounds from Proposition and Corol-
lary hold. Unfortunately, this does not help for the algorithm by Micciancio
and Voulgaris [13] since they rely on the fact that the number of Voronoi-relevant
vectors with respect to the Euclidean norm is in 29" which is not true for the
3-norm. Hence, this algorithm cannot be easily extended to general p-norms, not
even when only strictly convex p-norms — i.e., for p € (1, 00) — are considered.

The rest of this section will compare the upper bound in Proposition with
the number of (generalized) Voronoi-relevant vectors in the lattices that have
been constructed to show that no upper bound for the number of (generalized)
Voronoi-relevant vectors can only depend on the lattice dimension. First, the
two-dimensional lattices of Theorem [2.28 will be considered which do not have
a constant number of generalized Voronoi-relevant vectors with respect to a non-
strictly convex norm. Secondly, the three-dimensional lattices of Corollary |3.6| will
be investigated which do not have a constant number of Voronoi-relevant vectors
with respect to a strictly convex norm.

For m € N, let A{Y E(bm Lo ), where bg?l = (1,1)T and bg?z = (0,m)T.

m,2
Since ||b£3)1|\1 = 2, it follows that A;(A AD, I - [[1) < 2. The following calculation
shows that

2, it m > 2
ML, ] - 1) = { ifm>2 (3.8)

Lifm=1

Consider (21, 20) € Z2\{(0,0)} with 2 > || 2105 202 |1 = |21]+|21+mzs|. Then
it is clear that |z1| < 1. If |21| = 1 would hold, z; +mz; = 0 would follow, leading
to 1 = m|z| and thus to m = 1 and 2z = —z;. For z; = 0 it follows from z; # 0
that 1 = m|zy|, which implies m = 1 and |25| = 1. Both cases together show (3.8)).
The proof of Theorem shows in partlcular that for every v € A% it holds
||%b7(72%2 — ||y > F. This yields that u( @ | -1l1) = %. An easy upper bound for
the covering radius follows from the fact that for every » € R there exists some
z € Z with |r — z|] < 1 : For every y € span(A(2)) there exists some v € A% such

that [ly = olli < 3120+ 6] = 2+ 1. Hence, (A2, |- 1) € O(m ) and the
upper bound in Proposition or Corollary E respectively, is in ©(m?), which

is asymptotically larger than the number of generalized Voronoi-relevant vectors
in Theorem 2.28

An even bigger asymptotical gap is obtamed from the lattices of Corollary [3.6]
For m € N with m > 2, let A} := L( b, ) ) with

ml’ m27 m,3

m 1
NeRVees] T VEmr 5m®
b(3) - 1 b(3) - _m 6(3) S 0
m,1 - vVm2+1 »¥m,2 - \/m12+1 ’¥m,3 - 5
— Vv NoRV s, bm
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3 HIGHER-DIMENSIONAL LATTICES

: » 3 3 m
It was shown in Proposmonthat AR lls) = ||b£n)1||§ = 3/ ﬁ\/% From
(V2 —1)m? > (V2 — 1)8 > V2 it follows that v2vm?2 +1" > v2m? > m3 + /2,

which shows /\1(A7(3), |- 1l3) < 1. A lower bound for the first successive minimum
can be derived as follows: It holds that

(8 = V2)m® + 7TV2 > (8 — V2)m® > (8 — v2)2m? > 6v2m? > 3v2m(m + 1),

which implies 8(m? + v/2) > v2(m + 1)* > v2v/m? + 1" and A (AP || - ||s) > L.
Moreover, the proof of Proposition shows that for every v € A,(f;) it holds that
lx — vz > ||z]|s = <’/2m15—|— %\/mT—f—lg, where © = (mi@,m%f This
shows that u(AY, || - |l3) > |lzlls > ¥2m5. As above for A2, one can deduce

that for every y € span(A$)) there exists some v € A such that ly — vl]s <
%||b£3)1||3 + %||b£2)2||3 + %||b£2)3||3 < §||Z)£,i):,)||;), = %mm5, where the last inequality
follows from Proposition [3.3, Hence, (A%, | - ||5) € ©(m?) and the upper bound
in Proposition [3.7] or Corollary [3.8] respectively, is in ©(m!®), whereas the lower
bound from Corollary [3.6]is only in ©(y/m).

In both families of lattices discussed above, the number of (generalized) Voronoi-
relevant vectors grows with the ratio of the covering radius to the first successive
minimum, but there might be still room for a better upper bound than the one

given in Proposition [3.7]
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4 General shape of bisectors,
Voronoi cells and their facets

As seen in Section it is not immediately clear which lattice vectors completely
determine the Voronoi cell of a given lattice when arbitrary norms are considered.
This general question will be discussed in Section 4.3l Moreover, such an n-
dimensional Voronoi cell is bounded by its (n — 1)-dimensional facets, and for
understanding the complexity of a Voronoi cell it is important to know the number
of these facets. In Section [4.4] it will be examined how many (n — 1)-dimensional
facets an n-dimensional Voronoi cell has, and if these facets are connected or
not. To comprehend how Voronoi cells and their facets look like, it is inevitable
to investigate bisectors and their intersections, since these facets are subsets of
bisectors. This is done in Section[4.2] In particular, a proof idea — relying on some
conjecture — for the following fundamental (and hopefully true) statement is given:
The bisector of a and b intersected with the bisector of b and ¢ is homeomorphic
to R"2 as long as a,b,c € R" are non-collinear and a sufficiently nice norm is
used. This statement is already known for the case n < 3 [10], and is further
motivated by Horvath’s result that bisectors are homeomorphic to R*~! under a
strictly convex norm [6]. The next section gives properties and definitions that
are needed for the above mentioned sufficiently nice norms.

4.1 Norms

In this section, it will be shown that every symmetric convex body in R™ defines a
norm, where its closed unit ball is the given body itself, and that the closed unit
ball of a given norm in R” is a symmetric convex body such that its corresponding
norm coincides with the given norm. Based on this, smooth norms will be defined
and alternative definitions for strict convexity will be given. An intermediate
result will be that all norms in R™ are continuous with respect to the Euclidean
norm.

Definition 4.1 K C R" is a convex body with center point ¢ € K if K is
compact and convex, and c lies in the interior of K.
K is symmetric (with respect to ¢) if for every x € K it holds that 2c —x € K.

In the subsequent sections, convex bodies will be translated and scaled.

Definition 4.2 Let K C R" be a convex body with center point ¢ € K. K C R™
is called a uniformly scaled copy of K, if r € Ryg with K = r(K — ¢) + ¢ ezists.
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4 GENERAL SHAPE OF BISECTORS, VORONOI CELLS AND THEIR FACETS

K CR" is called a translated copy of K, if t € R™ with K = K +t ewists.
Every convex body defines a convex distance function, which is a metric if and
only if the body is symmetric. This is shown in Lemmata and [£.5] Further-
more — as stated in Proposition 4.6] — a symmetric convex body defines a norm
such that its closed unit ball coincides with the convex body.
Definition 4.3 Let K C R" be a convex body with center point ¢ € K. For
p,g € R™ with p # ¢q, let z,, € R" denote the unique intersection
point of the boundary of K — ¢ + p and the ray from p through q, i.e.,
Tpg € {s¢+ (1 —3s)p | s € Rso}. The convex distance function based on K
and c is defined as

dK,c R x R® — Rzo,

llg—pll2 .
(p,q) — { Tena—ple ?fp 74
0 Lifp=q

Lemma 4.4 Let K C R" be a convexr body with center point ¢ € K. The convex
distance function dk . satisfies the following properties:

1. For every p,q € R™ it is di.(p,q) > 0, and dk.(p,q) = 0 if and only if
pP=4q.
2. For every p € R" it holds that
e p lies the interior of K if and only if dk .(c,p) <1,
e p lies on the boundary of K if and only if dk .(c,p) =1,
e p is not in K if and only if dk .(c,p) > 1.

3. For every p,q,r € R it is dy (p —r,q — 1) = dr (P, Q).
4. For every p € R™ and every s € Ryq it holds that dg (0, sp) = sd (0, p).
5. For every p,q,r € R" it is dr(p,q) < dg(p,7) + dr (1, q).

Proof. The first four assertions follow directly from Definition [4.3] For this, one
only needs to consider z,, in the different cases: First, it holds for p # ¢ that
Ty, # p such that dg.(p,q) > 0 follows. Moreover, z, ., = T,, — r and
Zo,sp = To,p-

For assertion five, note that for every b € R™, b # 0 it holds that

b

1
di. |0, =
o ( di (0, b)> dc.o(0,D)
and thus #(Ob) lies on the boundary of K —c. Hence, the convexity of K yields for

n : . d c(0,a a
a,b € R"\ {0} with p:= dK,c(O,I((l)idK?c(O;b) € (0,1) that L P ] +(1— /UL)—dK’Cb(O,b)

dr(0,b) =1,
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4.1 Norms

K — ¢, which shows

a
1> IS ) S
2 dice (O’ o T b))

a b
=dg. (0, +
K, ( dico(0,a) + dg (0, D) dKC(o,a)mK,c(o,b))

1
- dic (0,0 +b).
dren(0, @) & dpo(0,5) el 0 0

Since assertion five is trivial as soon as some of the points p, ¢, r coincide, one can
assume that p, ¢, r are pairwise distinct. Using the above inequality for the case
a=r—pandb=qg—r leads to

dK,c<p7 Q) = dK,c(Oa (7’ - p) + (q - 7’))
S dK,c(Oa r— p) + dK,c(07 q— 7') = dK,c(p7 T) + dK,c(ra Q)

]

Lemma 4.5 Let K C R" be a convex body with center point c € K. Then it holds
that K is symmetric if and only if for every p,q € R"™ it is dg .(p,q) = dx (¢, D).

Proof. First, assume that K is symmetric. For p,q € R™ with p # ¢, this property
implies that 2p — z,, € K —c+p. Thus, ¢ +p —2,, € K — c+ ¢ lies on the ray
from ¢ through p, which leads to

129 = dlla = (g + P = 2p4) = dlla = [l2p4 = pll2

and dg .(q,p) < dic(p,q). By exchanging the roles of p and ¢, the desired equality
follows.

Secondly, assume that dk .(p,q) = dk.(q,p) holds for every p,q € R", and let
x € K. Then 1 > dg.(c,x) = dg (v, c) = dg(c,2¢c — x) implies 2c —x € K. [

Proposition 4.6 Let K C R" be a symmetric conver body with center point
ce K. Then

| llxe: R" — R,
x+— di (0, 2)

is a norm with unit ball By, .1(0) = K — c.
Proof. For s € Ry and x € R" it is
di (0, 52) = dg o(—52,0) = dg (0, —s) = —sd (0, z)

by Lemmata .4 and 4.5 The same lemmata yield the remaining norm properties
as well as Bj.jj,..1(0) = K —c. O

93



4 GENERAL SHAPE OF BISECTORS, VORONOI CELLS AND THEIR FACETS

Moreover, the unit ball of every norm in R" is a symmetric convex body and
the norm defined by this body is the given norm. To prove this, it will be shown
beforehand that every norm in R" is a continuous function with respect to the
Euclidean norm. This result will be very useful throughout this chapter.

Proposition 4.7 Every norm || - || : R™ — Rx¢ is continuous with respect to the
Euclidean norm.

Proof. Let x = (x1,...,2,)7 € R" and € € R.y. Denote by
R(z):={(y1,....un)  €R"|Vie{l,...,n} 1y € [x; — L,z + 1]}

the n-dimensional cube with side length two and x in its center. Then it holds
that Bj.,1(z) € R(x), because for every (y1,...,y,)" € R"\ R(z) there is some
i € {1,...,n} such that y; ¢ [x; — 1, z; + 1], which implies ||y —z|l2 > |y; —z:| > 1.
In addition, it follows inductively that every y € R(x) can be written as
y= > py(z+u) with g, € [0,1] for every u € {—1,1}" and > p, = 1.
ue{-1,1}" ue{-1,1}"
In fact, the definition of R(z) yields that for every y € R(x) and every
i € {1,...,n} there is 7; € [0,1] such that y; = 7(z; — 1) + (1 — 7)(x; + 1),
which directly gives the induction basis for n = 1. If iz € [0,1] for u € {—1,1}"!

with Z ﬂﬁ =1 and (yl,...,yn_l)T = Z ﬂﬁ ((I’l,...,l’n_l)T—Fﬁ)
ae{-1,1}n"1 ue{-1,1}n"1

are already found,

— Tn/l(ul,.“,unfl)T 3 if Up = _]-7
/’L(U17---7un)T . { (1 _ Tn)ﬂ(u17,.,7un,1)T , lf un = ]_

gives the desired equalities. Hence, for every y € R(x) it holds that

Iyl < > e+ ul) < max{l|z +ull | u € {~1,1}"} = M,.
ue{—1,1}"

Define § := %m € (0,1], and let y € By, s(z). It is left to show that

l|lz]l = |lylll < e. Thus assume for contradiction that ||z| — [|y||| > e. With this,
two cases can be distinguished.

L flyll = flz] +e:

For z := ty — (3 — 1) it holds that ||z — z|» = }|ly — z|]> < 1, leading to
2 € Bj.|,,1(x) € R(x). The reverse triangle inequality and the definition of
0 yield the contradiction

1 1 € 1
>zl > =yl = (= - > - > S ‘
My 2 402 0ol = (5= 1) el 2 el + 5 2 el + (5 - 1) > 0t

2. lyll < [l —e:
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4.1 Norms

Consider Z := sz — (3 — 1) y. Then it follows [|Z — x|y = (§ — 1) |z —yl|2 <
Hlz—ylls < 1 and 2 € Byy,i(x) € R(z). Again, the reverse triangle
inequality can be applied to get the contradiction

1 1 1
M, > |1z > =|z]| = (= =1 > -1 M,.
o2 2 3lel = (5= 1) Il 2 el + (5 1) e > o,

]

Corollary 4.8 Let || - || : R* — Rsq be a norm, and let a € R". Then
F,:R" = Rxg,z — ||z — al| is continuous with respect to the Euclidean norm.

Proof. Let x € R™ and € € Ryg. Then it follows from Lemma [4.7] that there is

some § € Ry such that |||z — al| — ||y[|| < € holds for every y € By, s(x — a).
Since for every z € Bj.,,5(x) it holds that |[(z —a) — (z —a)|]s = ||z — 2|2 < 4, it
is [Fo(2) — Fa(2)| = lllz — all = Iz —al]| < &. 0

Definition 4.9 Forn € NU {0}, the n-dimensional sphere is defined as
S"i={z e R | |z|, =1}.

Proposition 4.10 Let || || : R* — Rxq be a norm. Then By 1(0) is a symmetric
convex body with center point 0, and for every p € R™ it is

Proof. Since S™! is compact with respect to the Euclidean norm and for every

ze S itis ||z]| > 0, Propositionimplies the existence of m € Ry such that
||| > m holds for every z € S*~!. Hence, for cach x € By 1(0) with z # 0 it is

1> [z = [l

d H> Jal
—— 1| > ml|x]|2
E ’

which shows Bjj.;,1(0) C Bj.j,,1/.(0) and By;;,1(0) is bounded.

For x = (z1,...,2,)T € R" with [|z|| > 1, let € := ||z]| = 1 > 0. With ey,..., e,
denoting the standard basis of R™, define M := max{|le;|| | i € {1,...,n}} and
0 := 377= > 0. Then it holds for each y = (y1,...,y,)" with [ly — 2|2 < by the
Cauchy—Schwarz inequality

ly =l <> ly = wllleall < MY lys — @il < M/nlly —allz < My/ns =e.
=1 =1

This yields that

By 0(x) C Byje(x) S R™\ Byy1(0),
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4 GENERAL SHAPE OF BISECTORS, VORONOI CELLS AND THEIR FACETS

and thus By 1(0) is closed and compact.
For every x € R" with ||z|| < 1, one can define € := 1 — ||z|| as well as M and
0 as above to get analogously

By j.s(x) € Bjye(x) S By (0).

This shows that Bj.1(0) is open, and in particular that 0 is in the interior of

Byj;,1(0). Moreover, Bjj1(0) is convex due to the triangle inequality which is

satisfied by || - ||, and B.,1(0) is symmetric because || — z|| = ||z| holds for every
r € R".
For every z € R" with [|z]] = 1, and every ¢ € Ry it holds for

g = max{l - QHEW,%} that iz € Bj,(x) as well as [[py2]| < 1, and for

pe = 1+ g that pez € B.|,.c(x) as well as [|pox]| > 1. Therefore, the bound-
ary of B 1(0) is {z € R" | ||z = 1}.

For every p € R" with p # 0 it now follows that z(, = ﬁ, where the notation
from Definition is used for E”.HJ(O) with center point 0. This gives

lis. o0 = 212 — |
Bl1a®0 = gl 1P

]

Propositions 4.6 and give two equivalent viewpoints on norms: FEither
one can directly consider the norm and derive properties of the unit ball from
that, or one considers a symmetric convex body and deduces properties of the
corresponding norm. In the introduction of this thesis, it is already defined what
a strictly convex norm is. A convex body can also be strictly convex, and both
definitions are compatible for symmetric convex bodies.

Definition 4.11 Let K C R" be a convex body with center point ¢ € K. K is
called strictly convex if for every x,y € K with x # y and every T € (0, 1) it holds
that Tx + (1 — 7)y lies in the interior of K.

Proposition 4.12 Let || - || : R* — Rxq be a norm. Then it holds that || - || is
strictly convez if and only if B).1(0) is strictly convex.

Proof. First, assume that || || is strictly convex, and let z,y € B).;,1(0) with z # y
as well as 7 € (0,1). By Lemma 2.6} it is |7z + (1 — 7)y|| < max{|z, |ly||} < 1,
which gives 72 + (1 — 7)y € By.,1(0).

Secondly, assume the strict convexity of E”.HJ(O), and let x,y € R with z # y
and ||z|| = |ly|| = m > 0 as wellas T € (0,1). Then it follows that £, £ € By 1(0)
and the strict convexity of this unit ball implies that 7= + (1 — 7)Z € B 1(0).
Therefore, |72 4 (1 —7)y|| = m[|7 % + (1 —7) | <m. O

Another possibility to define strict convexity of convex bodies is given in the
next statement. This variant is used in [10], and since this chapter refers several
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4.1 Norms

times to results in [10], it will be proven that this alternative definition is indeed
equivalent to Definition [4.11]

Proposition 4.13 Let K C R"™ be a convex body with center point c € K. Then
it holds that K 1s strictly convex if and only if the boundary of K does not contain
a line segment.

Proof. The strict convexity of K directly implies that the boundary of K cannot
contain a line segment. Thus, only the other direction needs to be shown.

For this, assume that the boundary of K does not contain a line segment, and
let z,y € K with  # y as well as 7 € (0,1). By the convexity of K, it follows
that @ :== 72+ (1—7)y € K. Assume for contradiction that a lies on the boundary
of K. Then there exists some b; on the line segment between x and a which lies
in the interior of K. In fact, this is trivially true for by = z if x itself is in the
interior of K. If x lies on the boundary of K, one finds b; as described above,
since the boundary of K does not contain the line segment between z and a.
Analogously, there exists by on the line segment between y and a that lies in the
interior of K. Hence, dk.(c,b1) < 1, dk(c,by) < 1 and for some A € (0,1) it is
a = Ab; + (1 — A\)by. This yields

dic(c,a) =dgc(0,a —¢) = dgc (0, \(by —¢) + (1 — A)(ba — ¢))
<dg(0,A(by — ¢)) + dg. (0, (1 = A) (b2 — ¢))
= )\d}gc (C, b1> + (1 — )\)d}gc (C, bg) <1

and a lies in the interior of K, which contradicts the assumption that a lies on
the boundary of K. N

Sometimes strict convexity of a given norm is not enough, and one also wants the
property that the unit ball has no “sharp corners”. Such a norm is called smooth.
To define this notion formally, one needs to introduce supporting hyperplanes.

Definition 4.14 Let S C R", and let s € S lie on the boundary of S. A hyper-
plane H C R™ is a supporting hyperplane of S at s if s € H and S is contained
i one of the two closed halfspaces bounded by H .

For every convex set it holds that each of its boundary points has a supporting
hyperplane. This result is known as the supporting hyperplane theorem and can
for example be found in [3].

Theorem 4.15 (Supporting hyperplane theorem) Let S C R™ be conver, and let
s € S lie on the boundary of S. Then there exists a supporting hyperplane of S at
s.

In particular, every boundary point of a convex body has a supporting hyper-
plane, but these hyperplanes are not unique in general. The intuition is that
non-unique supporting hyperplanes occur at sharp corners of the convex body. If
a convex body has unique supporting hyperplanes everywhere on its boundary, it
is called smooth.
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4 GENERAL SHAPE OF BISECTORS, VORONOI CELLS AND THEIR FACETS

Definition 4.16 Let K C R" be a convex body with center point ¢ € K. K is
called smooth if each point on its boundary has a unique supporting hyperplane.

A norm || - || : R® — Ry is called smooth if By.1(0) is smooth.

A convex body can be strictly convex and smooth at the same time, or it can be
neither strictly convex nor smooth, or it can have exactly one of the two properties.
[lustrations for this are shown in Figure 4.1

(XA K4

a) Strictly convex (b) Strictly convex ) Smooth but not ) Neither smooth
and smooth. but not smooth. strlctly convex. nor strictly con-
vex.

Figure 4.1: Convex bodies in two dimensions with different properties.

4.2 Bisectors

In [6], Horvath shows that every bisector of two distinct points is homeomorphic
to a hyperplane if a strictly convex norm is used. In the following, the intersection
of two bisectors is examined, where one bisector is given by a; and as and the
other bisector is given by a; and az. In other words, the set of all points having the
same distance to ag, as, a3 € R™ is analyzed. For the case n = 3, it is shown in [10]
(cf. Lemma 3.1.2.6 and Corollary 3.1.2.7) that such a set is homeomorphic to a
line under a strictly convex and smooth norm if aq, as, az are non-collinear. For
strictly convex norms without smoothness it is also shown in [I0] that this bisector
intersection might be disconnected, but that each component is still homeomor-
phic to a line. As long as the underlying norm is strictly convex and smooth, I
strongly conjecture for general dimension n that such a bisector intersection is
homeomorphic to R"2. One way to prove this relies on the following conjecture.

Conjecture 4.17 Let || - || : R® — Rsq be a strictly convex and smooth norm,
let ay,as,a3 € R™ be non-collinear, and let H be the plane spanned by ay,as, as.
Then it holds for every sequence (pr)ren € Hj (a1, az) N H (a1, as) with

lim ”pk — CL1|| =0
k—o0
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4.2 Bisectors

that

iy idllpe — Al [ h e H}

1.
k—o0 Pk — a1|

The precise statement regarding the appearance of the considered bisector in-
tersection is formulated in the following theorem:

Theorem 4.18 Let || - || : R* — Rsq be a strictly convex and smooth norm,
and let V. C R"™ be a subspace of dimension m > 2. If Conjecture 15 true
and a1, as,a3 € V are non-collinear, then H”f“(al, as) N Hiy(ar, az) NV is home-
omorphic to R™2. If a1,as,a3 € V are collinear and pairwise distinct, then
HHf||(a1, as) N Hi (as, az) = 0.

The proof of this theorem uses some topological concepts which will be intro-
duced first.

Definition 4.19 For a given topological space (X,T) and Y C X, the subspace
topology on Y s

Ty ={ONY |0 eT}.

Lemma 4.20 Let (X, T) be a topological space, and let Z CY C X. Then it is
(7})2 = ’TZ

Proof. For O € (Ty), there exists Oy € Ty such that O = Oy N Z. In addition,
there exists Ox € T with Oy = OxNY. Thus, O =0xNYNZ=0xNZ € Ty.
Given O € Tz, one finds Oy € T withO =0xNZ =0xNYNZ e (Ty), O

Definition 4.21 Let (X,T) be a topological space, and let Y C X.
(X, T) is compact if every open cover

X:U@wM@ET

iel
has a finite subcover
X:Oil UOZ'QU...UOZ'” withil,ig,...,in el

Y is compact in (X, T) if every open cover

Y €| JOi with 0; €T

iel
has a finite subcover

YgOhUOiQU...UOin ’withil,ig,...,iHEI.
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Lemma 4.22 Let (X,T) be a topological space, and let Y C X. Then Y is

compact in (X, T) if and only if (Y, Ty) is compact.

Proof. Assume that Y is compact in (X,7), and let Y = |J O; with O; € Ty be
il

an open cover. Then one finds for every ¢ € I an Ox; € T such that O; = Ox,;NY,

and Y can be written as

Y = J(Ox:nY) = (UOX1>HYCUOXZ

el el el

The compactness of Y as a subset of X gives 41,...,7, € [ such that
Y € Ox,;, U...UOx,, leading to

Now assume that (Y, 7y) is compact, and let Y C |J O; with O; € T be an
i€l
open cover. This yields

=<UOJHY=LMQHYMMh@ﬁY€E.

iel iel
The compactness of Y as a topological space gives 1, ...,, € I such that
Y=[]J(0,nY)= (Uo)ngUOW
j=1 j=1

]

Corollary 4.23 Let (X, T) be a topological space, and let Z CY C X. Then Z
is compact in (Y, Ty) if and only if Z is compact in (X, T).

Proof. By Lemma [4.22, Z is compact in (Y, 7y) if and only if (Z, (Ty),) is com-
pact, which is by Lemma equivalent to (Z,7Tz) being compact and thus —
again by Lemma [4.22] - equivalent to Z being compact in (X, 7). O

Definition 4.24 For two given topological spaces (X,T) and (Y,S), a function
f: X =Y is proper if for every C CY compact in (Y,8S) the preimage f~(C)
is compact in (X,T).

Additionally to these notions from topology, the proof needs orthogonal com-
plements of real subspaces and projections. Furthermore, the proof specifies a
homeomorphism (under the assumption of Conjecture from the bisector in-
tersection to a projected open unit ball, such that it will be shown in advance that
such an open unit ball is homeomorphic to its whole embedding space.
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Definition 4.25 For a given subspace V- C R"™, the orthogonal complement of V'
18

Vi={weR"|VweV: (vw) =0},
and the projection of R" on V* is
Py :R" — V*
x — w such that x —w € V.

Lemma 4.26 Let V C R" be a subspace with orthogonal complement W := V.
Then Py s continuous with respect to the Fuclidean norm.

Proof. Let z1 € R", ¢ € Rygand x5 € By, c(x1). Then there are unique vy, v, € V
and wy,ws € W such that 1 = v; + wy; and x9 = v + we. This yields

1w (1) = Pw(@2) Iz = llwr — wall3 < {wr — wa, w1 — wa) + (1 — v2,v1 — v2)
= (m) — X2, 71 — o) = |11 — 22|53 < 2.
[
Lemma 4.27 Let V C R" be a subspace, and let || - || : V' — R be a norm.

Then By.|,1(0) is homeomorphic to V.
Proof. Define

h: BH‘”J(O) — V,
s

T —r ——.
L= [l

First consider x1, xo € By.,1(0) with h(x1) = h(z2). Then it holds xy = pw, with

= %ﬁ;” In particular, ||z;|| = u||z2|| which is equivalent to ||z;]|(1 — ||z2||) =
(1 —||z1]])||z2|| and further to ||z1]| = ||z2||. Thus, p = 1 and x; = x5. This shows
that h is injective.
. y . y o 1 P
For y € V it holds that ‘—1+\\y||H < 1, and due to 1 H1+\Iyll = 11 1t s

h <m> = y. Hence, h is a bijection with inverse h™' : V' — By 1(0), z — SEe

In addition, Corollary [4.8|directly implies that h as well as h~! are continuous. [J

Lemma 4.28 Let ||| : R" — R be a norm, and let VC R™ be a subspace with
orthogonal complement W := VL. Then

|- llw = W — Ry,
w — min{|lw+v|| |v e V}

is a norm with unit ball By, 1(0) = Pw (By..1(0)).
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Proof. First, one needs to consider why the above minimum is attained.
For this, let w € W. By Corollary 4.8 g : V — Rsg,v = [lw + v is
continuous with respect to the Euclidean norm. This further implies that
K, ={veV||w+v|] < |w|}is compact in (R || - ||2) and thus by Corol-
lary also compact in (V)| - ||2). Hence, g, attains its minimum on K, i.e.,
there exists some 0 € K,, such that g,(?) < g,(v) holds for all v € K,,. Further-
more, for every v € V'\ K, it is ||lw+v]|| > ||w|| = g(0) > ¢4 (7). This shows that
|lw+v| > |Jw+ ?|| holds for every v € V.

Secondly, it needs to be shown that || - ||y is indeed a norm. It is clear that
I0]lw = 0. For every w € W with ||w|ly = 0 there exists some v € V with
||lw + v|| = 0, which implies w = —v € W NV and thus w = 0. For every w € W
and every p € R\ {0} it holds

lpwllw = min{[|pw + || [ v € V} = min||pw + pol| [ v € V}
= min{|p|[lw + ol | v € V} = [p[min{[lw + ]| [ v € V} = |p|lw]w.

For the triangle inequality let wy,ws € W. For i € {1,2} there exists v; € V such
that ||w;|lw = ||lw; + v;]|, which yields

w1 + wallw < [Jwr + wa +v1 + va| < lwy + v1]] + [Jwa + v2|| = [Jwi]lw + |Jwalw-

Finally, By,,,1(0) = Pw (Bj,1(0)) can be shown as follows: On the one hand,
for every w € By, 1(0) there exists some v € V with ||w + v|| < 1 such that
w = Py(w+v) € Py (Bj.1(0)). On the other hand, for z € By 1(0) with
w := Py (z) it holds that ||w|w < |[|w + (x — w)|| = ||z] < 1. O

Proof of Theorem[].18. Let a1, as,a3 € V be pairwise distinct. If ay,aq, a3 are
collinear, one can assume without loss of generality that a, is in the middle, i.e.,
there exists 7 € (0, 1) such that as = 7a; + (1 — 7)as. For every p € HH:,”(al, as) it
holds that [[p—as|| = ||T(p—a1)+(1—7)(p—as)|| < [[p—a:l| and so p & H (a1, az).
This shows Hj (a1, a2) N Hj (a1, a3) = (). Hence, in the following ai, as, as are
assumed to be non-collinear.

For V' one can choose an orthonormal basis (vy, ..., v,,) with respect to the dot
product on R™. Let (eq,...,e,) denote the standard basis of R™. With this, one
can define

Y:V — R™,
m m
Z Q,V; —— Z €4,
i=1 i=1
as well as a norm | - || : R™ — Rsg,z + || (2)]|, such that ¢ is an isometric
isomorphism from (V|| - |||v) to (R™,|| - ||) as well as an isometric isomorphism
from (V|| - |]2) to (R™,] - ||2). Furthermore, || - ||, is a strictly convex and smooth
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norm with unit ball BH'HwJ (0) = (BH'HJ (0)N V) satisfying

¥ (Hipy(ar, a2) M-y (a1, as) N V) = Hy, (@), $(a2)) O Ky, ((ar). ¢ (as)).

Thus, it is enough to show Theorem for V' = R", since then it can be applied
to || - || to get a homeomorphism from %H:_”Zp(lb(al),iﬂ(ﬁg)) N ’Hﬂw(w(al),w(ag))
to R™~2. Hence, assume in the following that V' = R™.

Now the desired homeomorphism will be first described informally and after-
wards defined formally: Let H be the plane spanned by ay, as, as, i.e.,

H :={ay + s(ag — a1) +t(ag —a1) | s,t € R}.

Then, H — a; is a vector space with orthogonal complement W := (H — a;)*.
For p € HH:_”(al, as) N HH:.”(OM, a3) it holds that aq,as, as are on the boundary of
Bj.j-(p), where r := |la; — p|| > 0. This is illustrated for three dimensions in
Figure 4.2l The homeomorphism considers the intersection of this ball with H,
and the relative position of this intersection in the unit ball. To be more specific,
Kp = B”'Hﬂ“(p) N H and

Ky = (K, —p) = Bla(0)n ((H - o)+ = —p)

r r

are strictly convex and smooth, and the position of K, in the unit ball is al-

ready determined by the projection of =% on W. Therefore, the conjectured

homeomorphism — as depicted in Figure |4.3[— is

¢ Hiy (a1, a2) NH (a1, a3) — W,

D Py (u) ,
lax — p

First, the injectivity of ¢ will be shown. Let pi,ps € HH:.”(al, as) N H”:.H(Ch, as)
with ¢(p1) = ¢(p2) =: w. Then it holds that
a“i—h
lar = pu|

ai — P2
||(l1 —p2||7

(H—CL1>+ (H—a1)+w:(H—a1)+
which shows K, = K,, using the notation above. Lemma 2.1.1.1 and Theorem
2.1.2.3 in [I0] show for strictly convex bodies in two-dimensions and for pairwise
distinct points a, b, c that there is at most one uniformly scaled and translated copy
of this body that has a, b, ¢ on its boundary, and that exactly one such copy exists
if a, b, ¢ are non-collinear and the given body is smooth. From this it follows that a
unique 7 € Ry and a unique p € R" exist such that 7K, +p C H has ay, az, az on
its boundary in H. Due to K, = ||a; —p1||Kp, +p1 and K, = ||a1 — pa|| K}, + pa,
it must hold that ||a; —p1|| = r = ||a1 —p2|| and p; = p = pa. Hence, ¢ is injective.

Secondly, the image of ¢ will be calculated. It holds for every
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2

ax
as

(a) 8””71(0) (b) H. (¢)p € ’H”:_”(al,ag) N HH:.”(al,ag)
with B||‘H,||‘11*P\|(p) and H.

Figure 4.2: Intersection of scaled and translated unit ball with H in aq, as and as
for the case n = 3.

pE HH:.”(CLL CLQ)QHH:.”((M, CL3> that go(p) = Py (||Ziip||) Py (H o (0«1;‘02 _ p))
and

1 a1 + ay )H 1 Hl 1
—p ||| == l|5(@ —p) + (a2 —p)| < 1,
lax — pll ( 2 lax — pll |12 2

such that ¢(p) € Pw (Byy1(0)). For every x € By 1(0) it holds that
K :=Bj1(0) N ((H — a1) + x) is strictly convex and smooth. Therefore, Lemma
2.1.1.1 and Theorem 2.1.2.3 in [I0] give unique r € Ry and p € R" such that
rK +p C H has aj,as,a3 on its boundary in H. Because of 1K + p =
By~ (P)N((H — a1) + rz + p), it must hold that rK+p C HN((H — a1) + rz + p),
which implies H = (H — a1) + rx + p and thus rz + p —a; € H — a;. Thus,
r— "L € H—a and Py(z) = Pw(*?) hold. Moreover, r = [la; — p|| =
l|as— pH = [laz—pl|, which leads top € H|- H(al,az)ﬂ”ﬂ” ((a1, a3) and Py (z) = ¢(p).
This Sh(')WS (Cf F‘lgure 3) that o(Hi (a1, a2) H[ (a1, a3)) = Pw (Bj.4,1(0)) such
that ¢ is a bijection

v Hiylay, az2) NH (ar, as) — Py (By.(0)) -

Combining Lemmata and yields that Py (Bj.,1(0)) is homeomorphic
to W and thus homeomorphic to R"~=. Therefore, it is only left to show that ¢ and
o~ ! are continuous. The continuity of ¢ is a direct consequence of Corollary
and Lemma [4.26] Because of this, the rest of this proof will examine the continuity
of =1

When assuming Conjecture [4.17] it can be shown that ¢ is proper: For this,
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ay—p
lla1—pll

©(p)

Figure 4.3: ¢(p) for p as in Figure 4.2

o

lla1—pl|

with Byj.1(0) and ((H — ay) + 8= )

let C' C Pw (By.1,1(0)) be compact in (Py (Bj.1(0)), | - [|2). One needs to show
that p=!(C) is compact in <H”:,H(a1,a2) NHiy(ar, as), || - H2> To ease notation,

every topological space will have in the following the topology induced by || - |2
when nothing else is stated explicitly. It can further be assumed that C' # ().

Corollary implies that C' is compact in R", i.e., that C' is closed and
bounded in R". Hence, C'= C'N Py (By,1(0)) is closed in Py (Bj.1(0)). Since ¢
is continuous, ¢~ !(C) is closed in Hi (a1, a2) NH| (a1, as), ie., there exists some
C' C R” closed in R” such that ¢='(C) = C'N Hi (a1, a2) NH 7 (a1, a3). Among
other things, Lemma 1 in [6] states that bisectors Hj; (a,b) for a,b € R",a # b
are closed in R”, which implies that ¢(C) is closed in R™. Tt is left to show that
0 1(C) is bounded in R", because then ¢~ !(C) is compact in R™ and thus — by
Corollary — compact in H”:_”(al, as) N ”HH:,”(al, a3). Hence, assume for contra-
diction that ¢ !(C) is not bounded in (R™, | - ||2). Then ¢~*(C) is not bounded
in (R™,]| - ||), and for every k € N one finds p;, € ¢~!(C) with

ri = |[pr — a1l| = [|px — az|| = [|px — a3 > k.
If Conjecture is true, the equality

—1

ay — Pk 1
(o) [lw = HPW ( )H = ‘
Tk w T

= —||Pw(pe — a1)|lw
T

_kPW(pk —ay)

W
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1 .
= —min{||px — k|| | h € H}
Tk

and the conjecture would directly imply klirn le(pr)llw = 1. But since C is
—00

compact in R" and w ~— |jw||w is continuous by Corollary [4.8 there exists
w € C such that ||@|lw > ||w|lw holds for all w € C. Moreover, it follows
from @ € Py (B).1(0)) that [|@|lw < 1. Hence, for every k € N it must hold that
lo(pe)|lw < ||@|lw < 1, which contradicts klg{; lo(pr)|lw = 1. Therefore, p=1(C')
is bounded in R", and ¢ is proper.

With the property of ¢ being proper one can deduce that ¢! is continuous:
For this, the rest of this proof will show for =1 that preimages of closed sets in
Hi(ar,a2) N Hi (a1, a3) are closed in Py (By1,1(0)). Therefore, let
S C Hj(ar, az) N H (a1, a3) be closed in M (a1, a2) N H (a1, as), and show
that ¢(9) is closed in Py (Bj.1(0)), ie., that Py (B)1(0)) \ (S) is open in
Piy (By,1(0)).

Let w € Py (B)1(0)) \ ¢(S). Then it is € := 1 — ||w||w > 0, and Corollary
implies the existence of § € R. such that for every y € W N B, ,5(w) it holds
that |||w|lw — ||lyllw| < €. Hence, for every such y it is [|y||lw < ||lw|lw +¢€ = 1,
which implies

weWNB,s(w) SWNB,s(w) CW N By,s(w)
C By 1(0) = Pw (By1(0)) ,

where W N B\\-llz,%(w) is open in Py (B).,1(0)), and since W is closed in R",
W n Bu~||2,g(w> is compact in R™ and thus compact in Py (Bj.,1(0)) by
Corollary 4.23l Therefore, N := W N BII-HQ,%(w) is a compact neighborhood
of w in Py (Bj:(0)). Because ¢ is proper, ¢ !(N) is compact in
Hi (a1, a2) N Hj (a1, a3). Now consider S := 5N ¢ '(N). By Corollary [4.23]
¢ '(N) is compact in R”, which implies that S C ¢~'(N) is bounded in R”. Fur-
thermore, there is 7' C R" closed in R" with S =T NH, (a1, a2) N H (a1, as3).
From Lemma 1 in [6] it follows that S is closed in R". This yields that S is closed
in R™ and thus compact in R" as well as compact in HH:.”(CH, az) N HH:,”(al, az) by

Corollary

Using the continuity of ¢ one can show that ¢(S) is compact in Py (By1,1(0)):
Let o(S) C U O; with O; € Py (By.1,1(0)) open in Py (Bj.1(0)) be an open
cover. The Zceojntinuity of ¢ implies for every i € I that ¢~'(0;) is open in
Hi (a1, a2) N H (a1, a3), such that S C zLEJI ¢ 1(0;) is an open cover. The
compactness of S in HH:,”(al,ag) N Hﬁ”(al,ag) gives iy,...,i, € I such that

S C e 10;) U ... U 10;,). Hence, p(S) C O0;; U...UO;,, and p(S) is
compact in Py (B).),1(0)).
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Using again Corollary implies that ©(S) is compact in R” and thus closed in

R™. This further gives that ¢(S) = ¢(S)NPw (B.,1(0)) is closed in Py (By,1(0)).
Therefore, (W N B\\-Ilz,%(w)) \ ¢(S) is open in Py (By1,1(0)). Moreover, it is

w € <W N B||.||2,g(w)> \‘P(S) C Pw (Bll‘H,l(O)) \ ¢(5),

because if for some y € (W N B”,”%g(w)) \ (S) it would also hold that y € ¢(9),

then there must exist some z € S with y = ¢(z), i.e., z = ¢ ' (y) € ¢ '(N)
yielding x € S and y € (S), which is a contradiction. Thus, it follows that

(WOB”‘H%g(w» \ ¢(9) is an open neighborhood of w which is contained in
Py (By1,1(0)) \ ¢(S), and ¢! is continuous. O

4.3 Voronoi cells

In the case of non-strictly convex norms, the Voronoi-relevant vectors are not
sufficient to determine the Voronoi cell of a given lattice, i.e., for a given lattice
A and a non-strictly convex norm it might happen for some x € span(A) that x
is strictly closer to 0 than to all Voronoi-relevant vectors, but some other lattice
vector is even closer to z. An example for this is given in Corollary 2.27] At least
it can be shown for arbitrary norms that the generalized Voronoi-relevant vectors
determine the Voronoi cell completely:

Theorem 4.29 Let ||-|| : R® — R>q be a norm and let A CR" be a lattice. Then
it holds that

VA -] = { € span(A) \
— VO - ]).

Yv € A generalized Voronoi-relevant
with respect to || - || : ||z|| < ||z — ||

The proof of this statement uses the following easy lemma:
Lemma 4.30 Let || - || : R® — R be a norm and let A C R"™ be a lattice. Then

it holds for every x € VO (A, ||-||) and every w € A with ||z —wl| < ||z|| that there
is some T € (0,1) with |7z — w|| = 7||z|| and 72 € VO (A, -|]).

Proof. Let z € VW(A,| - |) and w € A such that ||z — w|| < ||z||. In particular,
it is w # 0. It follows from Corollary [4.§] that

f:0,1] —R,
7 |tz —w| = 7|z
is continuous with respect to the Euclidean norm. Because of f(0) = ||w| > 0
and f(1) = |z — w|| — ||| < 0, the intermediate value theorem implies the

67



4 GENERAL SHAPE OF BISECTORS, VORONOI CELLS AND THEIR FACETS

existence of 7 € (0,1) with f(7) =0, i.e., |72 —wl|| = 7[[z[|. For every generalized
Voronoi-relevant vector v € A it holds by x € VW (A, || - ||) that

Tllzl < flrz = roll = |[r(r2 = v) + (L= 7)(r2)|| < 7|72 = of| + (1 = 7)7[|=[],

which implies 7||z|| < |7z — v||. Thus it is 72z € VO (A, ]| - ||). O

Proof of Theorem [{.29 Tt is clear that V(A, ||-||) € V@(A, ||-||). To show the other
inclusion, let z € V@W(A, || - ||) and assume for contradiction that z ¢ V(A, || - ||).
Then there exists some v € A with ||z — u|| < ||z||. Since A is discrete, there
is some k € N with k = [{u € A | ||z — u|| < ||z||}| and one can write
{u € A |z —u|| < ||z} = {w,...,ux}. Lemma gives for every
i€ {1,...,k} some 7; € (0,1) with ||z — w|| = 7|z and 7z € VO (A, || - |).
Let j € {1,...,k} with 7; = min{r,...,7}. Due to 2 € VO (A, | - ), u; cannot
be generalized Voronoi-relevant, which implies the existence of some v € A with
|72 —v|| < 7j]|z]]. From

Jo = vl = o =+ e = ol € (L=l i —ol
< (A =)l + mllz] = ll=|
follows that v = wu; for some i € {1,...,k}. Due to the minimal choice of j, one
gets the following contradiction
|7z — vl = [rz — T2 + Tz —ol| < (7 = )|z + [|752 — o] (4.2)
< (mi = )zl + 7zl = mllz|| = |7z — .
]

For the Euclidean norm, the authors of [I] argue that the Voronoi-relevant
vectors determine the Voronoi cell completely. I expect this to be true for every
strictly convex norm. Unfortunately, the subsequent proof for this statement relies
on a very plausible conjecture, which roughly states the following for a given lattice
A with strictly convex norm || - ||: If for some x € span(A) the scaled, translated
unit ball B\I-II,\\mll(x) contains no lattice points in its interior, but contains 0 and
at least two additional lattice points on its boundary, then one can walk from x
within span(A) an arbitrarily short distance along one of the bisectors between 0
and some other lattice point on the boundary of the ball such that the resulting
point is strictly further away from all other boundary-lattice-points. Formally this
is expressed as follows.

Conjecture 4.31 Let ||| : R™ — Rxq be a strictly convex norm and let A C R™ be
a lattice. Moreover, letx € V(A, ||-||) with k := |[{u € A\{0} | [|[z—u| = ||z|/}| > 2.
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Then it holds for every 6 € Ryq that

k k
span(A) N By,.a(2) N [ (U | iy (0.w) 0 () H5(0,) | | #0,
i=1 j=1
J#
where {u € A\ {0} | ||z — ul| = ||z||} = {w1,...,ux}-

Assuming this conjecture, one can proof that the Voronoi cell of a given lattice
is already determined by the Voronoi-relevant vectors when a strictly convex norm
is used. To do this, one can consider the partition of Voronoi cells into their inner
and outer parts.

Theorem 4.32 Let || - || : R® — Rx>q be a strictly convex norm and let A C R™ be
a lattice. If Conjecture[{.31] is true, it holds that

Yv € A Voronoi-relevant with }
respect to || - || [[z]| < |l — |

VAL -] = { € span(A)

= V(A || -|I) and

V(i)(A, 1) = {x ¢ span(A) Vv € A Voronoi-relevant with }

respect to || - ||+ ||z]] < ||l — ||

= VOA ]| -|])-

The idea for the proof of this theorem is to reduce the problem further and
further until one gets to the statement of the above conjecture. The outline of the
proof is as follows:

e Starting with some xy € span(A) having to all Voronoi-relevant vectors a
distance at least as big as the distance to 0 and assuming that z is strictly
closer to some other lattice vector w, one walks along the line between x
and 0 until a point z; is found which has the same distance to w as to 0 and
a strictly larger distance to all Voronoi-relevant vectors. This new situation

is treated by Lemma [£.37]

e Lemma is a little bit stronger, since it already shows that the Voronoi-
relevant vectors determine the strict Voronoi cell. Hence, it considers x;
having a strictly larger distance to all Voronoi-relevant vectors than to 0,
but w is closer to x than 0 or at the same distance than 0. If w is closer than
0, one walks again along the line between z; and 0 such that the new point
x5 has the same distance to w as to 0 and a strictly larger distance to all
Voronoi-relevant vectors. This new scenario is considered by Lemma [4.36]

e For x5 as described above, one first considers the case of the existence of
some lattice vector u such that z, is strictly closer to u than to 0 (and w).
Similar to the proof of Theorem |4.29 one walks again along the line between
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2o and 0 to find x5 having the same distance to some lattice vector w as
to 0, but no other lattice vector is strictly closer and all Voronoi-relevant
vectors are strictly further away. This situation is analyzed in Lemma [4.34]

e Lemma [4.34 shows that there is a third lattice vector u such that x5 has the
same distance to 0, w and u. With this, Lemma |4.33| can be applied.

e Now one has the situation where the ball around x3 with radius ||z3]|| contains
no lattice points in its interior, at least three lattice points on its boundary
and all Voronoi-relevant vectors are strictly outside this ball. Lemma
shows that one can move a little bit away from z3 to some y such that
the ball around y with radius ||y|| contains no new lattice points except
the ones that where on the boundary before. Conjecture finally yields
that y can be chosen in span(A) to be on the bisector between 0 and some
boundary-lattice-point @ such that all other boundary-lattice-points are fur-
ther away. Hence, u must be Voronoi-relevant which contradicts that all
Voronoi-relevant vectors are strictly outside the ball around x3 with radius

[l z3]]
Lemma 4.33 Let || - || : R" = Rsq be a strictly convex norm and let A C R™ be
a lattice. If Conjecture is true, it holds that for every x € V(A,|| - ||) with
Hu € A\ {0} | ||z — u|| = ||z||}| > 2 there exists u € A Voronoi-relevant with
respect to || - || such that ||z — ul| = ||z||.
Proof. Let k = {u € A\ {0} | ||l —ul| = ||z||}| and use the notation

{ue A\ {0} | ||z —ul| = ||z]|]} = {w1,-..,ux}. Since x € V(A, || - ), it holds that
Bzl (®) N A = {0,uy,...,u}. Because A is discrete, there is an ¢ € R.g such
that Bj.| je|+e(®) N A = {0,u1,...,ui}. Due to Corollary , there is 07 € Ryg
such that for every y € By, () it holds that |||z] — [ly|[| < 5. Analogously,
one finds d; € Ry such that ||y — z| = |||z — 2| — |ly — z||| < § holds for ev-
ery y € Bj,,5, (7). If Conjecture is true, it yields for § := min{d;, d2} some
y € span(A)NBj.,s(x) and some ¢ € {1,..., k} such that [|y|| = ||ly—w|| < |ly—u;]|

holds for all j € {1,...,k} \ {i}. For every z € By (v) one gets
£ £ €
lz—all < llz =yl + ly = 2l < gl + 5 < (5 +ll2ll) + 5 = llall +<,
which shows E||.H7||yu(y) - BII.”’HIH+E(1’). This implies E”.H’”y”(y)ﬂ/& - {O, Uy, . .- ,uk}.

Hence, ||y — v|| > ||y|| holds for all v € A\ {0, u;}, and w; is Voronoi-relevant. [

Lemma 4.34 Let ||- || : R" — Rx be a strictly convex norm and let A C R™ be a
lattice. If Conjecture is true, it holds for every x € VO(A,|| - |) N V(A || - ||)
and every w € A\ {0} that ||z — w|| # ||z]].

Proof. Let z € VO(A, |- ) n VA, | - | and w € A\ {0}, and assume for con-
tradiction that ||z — w|| = ||z|. Since x € VO(A, | - |)), it follows that w is not
Voronoi-relevant, which further implies the existence of some u € A\ {0, w} with
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|z — ul|| < ||z]]. Moreover, x € V(A,| - ||) yields that {u € A | ||z —u| < ||z||} =

{u € A | ||z —ul = ||z||}, which shows that there is some k € N,k > 2 with
k= |{ue A\{0} | |z —ul| = ||z|}|, because A is discrete. By Lemma [4.33
there is a Voronoi-relevant vector v € A with ||z — v|| = ||z||, which contradicts
z e VO |- O

For the remaining proofs, one further easy lemma is needed, which is the strictly
convex variant of Lemma [4.30l

Lemma 4.35 Let ||| : R" — Rxq be a strictly convex norm and let A C R" be a
lattice. Then it holds for every x € V(A, [|-||) and every w € A with ||z —w| < [|z||
that there is some 7 € (0,1) with |tz — w|| = 7||z|| and T2 € VO(A, || - ).

Proof. As in the proof of Lemma [4.30} one finds 7 € (0,1) such that |72 — w| =
7||z||. For every Voronoi-relevant vector v € A it holds by = € V(A,| - ||) and
Lemma 2.6 that

Tllzl < llrz = roll = [[r(r —v) + (1 = 7)(72)|| < max{|r2 —of|, 7[|2[]},

which implies |7z — v| > 7|z||. Thus it is 7z € VO(A, || - ||). O

Lemma 4.36 Let || - || : R® — Ry be a strictly convex norm and let A C R™ be
a lattice. If Conjecture is true, it holds for every x € VO(A, || -||) and every
w € AN\A{0} that [lz —wl| # ]|

Proof. Let 2 € VO(A,|| - ||) and w € A\ {0}, and assume for contradiction that
|z — w| = ||z||. Lemma implies that = ¢ V(A,|| - ), i.e., there is some
u € A\ {0} with ||z|| > ||z — u||. Since A is discrete, there is some k£ € N with
k=H{ueA|l|z—ul <|z|} and one can write {u € A | ||z — ul| < ||z]|} =
{u,...,ux}. Lemma [£.35] gives for every i € {1,...,k} some 7; € (0,1) with
Imx — wl| = mllz|| and iz € VO(A, | -]). Let j € {1,...,k} with 7; =
min{ry,..., 7 }. Lemma applied on 7;z and u; yields that 7,2 ¢ V(A, || - ||).
Hence, there is some v € A such that 7;||z|| > ||7;2 —v||. As in the proof of Theo-
rem [4.29] shows v € {uyq, ..., u}, which leads to the contradiction (4.2)). O

Lemma 4.37 Let || - || : R" — Rxq be a strictly convex norm and let A C R™ be
a lattice. If Conjecture is true, it holds that VO (A, || - ) € VO, - ).

Proof. Let 2 € VA(A,| - ||) and assume for contradiction that = ¢ VO(A, || - |,
i.e., there is some w € A\ {0} with ||z|| > ||z — w||. Lemma implies that

|| > [l — w| must hold. Hence, Lemma [4.35 gives 7 € (0,1) with |72 — w]|| =
7||z|| and 72 € VO(A, || - ||), but this contradicts Lemma applied on 7z. [

Proof of Theorem [£.33 Tt is clear that V(A, |- ||) € V(A, ] -||) and V@(A, |- ||) €
VO(A, ] -). Since it follows from Lemma that VOA, || - ) = VO, || - |]),
it is only left to show that V(A, || - ||) € V(A,] - |)).

Let € V(A, || -||) and assume for contradiction that = ¢ V(A, || - |), ie.,
there is some w € A\ {0} with ||z|| > ||z — w||. Then Lemma shows that
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Tz € VO(A, | - |)) holds for some 7 € (0,1) with ||tz — w|| = 72|, leading to
oz € VO(A,] - ||) by Lemma In particular, 7||z|| < |72z — w|| follows, which
contradicts the choice of 7. O

4.4 Facets

When considering the complexity of the Voronoi cell of the origin of a given lattice,
one is particularly interested in the number of facets of that Voronoi cell. In a
lattice of rank m, a facet is an at least (m — 1)-dimensional “boundary part” of
the Voronoi cell, which is completely contained in at least one bisector between 0
and some other lattice vector, and it is maximal in the sense that the intersection
of all these bisectors and the Voronoi cell is contained in the facet. More formally
this can be stated as follows.

Definition 4.38 For a discrete set of points P C R"™ and a norm ||-|| : R™ — R,

F C span(P) is a facet of the Voronoi cell of a € P if the following four conditions
hold:

1. F g V||.||,73((I),
2. 3b e P\{a}: F S Hj(a,b),

5. Vb e P\{a} with F C Hj(a,b): Jxv € F 35 € Ryp :
B||‘||275(:L‘) N span(P) N H”:_” (a,b) C F,

4. ﬂ HH:‘H(G’ b) N V”.Hp(a) C F.
beP\{a}:
]:QHTH (a,b)

For every lattice and every norm, every Voronoi-relevant vector induces a facet
of the Voronoi cell of the origin.

Proposition 4.39 Let || - || : R" — R be a norm and let A C R"™ be a lattice.
Then it holds for every lattice vector v € A which is Voronoi-relevant with respect
to || - || that V(A || - |) " K (0,v) is a facet of the Voronoi cell of the origin.

Proof. Let v € A be Voronoi-relevant, and define 7 := V(A, || - ||) N H;; (0, v).
It is clear that F fulfills the first two conditions of Definition .38 Since v is
Voronoi-relevant, there is some = € span(A) such that ||z]| = ||z — v|| < ||z — w]|
holds for every w € A\ {0,v}. Hence, x € F follows, and for all w € A\ {0,v}
it is x ¢ HH:~H(0’ w). This means that the second condition is exactly fulfilled for
v, which implies that condition four also holds. The rest of this proof verifies
condition three.

Because A is discrete, there is some € € R~ such that By |2+ () NA = {0, v}.
The continuity of || - || with respect to || - ||2 yields d; € Ry such that for every
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Y € Bj,,5,(x) it holds that |||z|| — [|y||| < 5. From Corollary , the existence
of 6, € Ry follows such that ||y — z|| = ||z — 2| — |ly — z||| < § holds for
every y € Bj,5(2). It is left to show that for § := min{d;, o} it holds that
B ,,6(z) Nspan(A) NH; (0,v) S VA, || - []). B

Let y € Bj.,,5(z) Nspan(A) NH (0, v). Since it holds for every z € By (y)
that

9 £ €
2=l < llz = gll +lly —all < lyll + 5 < (5 +llall) + 5 = Nzl +,

it follows that E”.”,”y”(y) - B||.||,||x||+5(x), which leads to E||.H7||y||(y) NA = {0,v}.
Thus, it holds that ||y|| = |ly —v| < [y —w| for all w € A\ {0,v}, and
ye V-1 0

Note that the facets induced by Voronoi-relevant vectors as in the above propo-
sition are pairwise distinct by the first paragraph of the above proof.

One would like to have that every facet of the Voronoi cell of the origin of
some given lattice has a form as in the above proposition, and in particular that
every facet is induced by some unique Voronoi-relevant vector. But as seen in
Corollary the Voronoi-relevant vectors might not even be sufficient to deter-
mine the Voronoi cell of the origin when a non-strictly convex norm is used. The
same counterexample can now be used to specify a facet which is induced by two
generalized Voronoi-relevant vectors.

Proposition 4.40 Let by := (1,1)” and by := (0,3)". Then
iy (0,1 = b2) O, (0,261 = bo)

is a facet of the Voronoi cell of the origin of L(by,bs).

Proof. Consider x = (x1,15)T € %II:~H1<O= by —bs) ﬂH\TIh(O? 2b; — by). Then it holds
that ||z|l; = ||z — (by — b2)||1 = ||x — (2by — b2)||1, which is equivalent to

1| + [2a| = Joy — 1 + [22 + 2| = 21 — 2] 4 |22 + 1], (4.3)
Now distinguish three cases according to z:

1. xr1 > 1:
(4.3) yields x1 + |zo| = 21 — 1 + |22 + 2|, which further gives xo = —%, such
that (4.3) leads to 1 4+ 3 = |21 — 2| 4+ 5. This contradicts z; > 1.

2. 19 < —1:
(4.3) yields |z1| — 25 = |21 — 2| — 5 — 1, which implies z1 = 1, and so ([£.3)
further gives % — X9 = % + |xo 4+ 2|. This contradicts xo < —1.

3. T S 1 and i) Z —1:
Now, (4.3 can be written as |x| + |z2] = 3 — z1 + 22.
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If 21 < 0 would hold, (4.3) would lead to —z1 + |x2| = 3 — 21 + 22, yielding
Ty = —%, but this contradicts xy > —1.

If x5 > 0 would hold, (4.3) would imply |z1| + 2o = 3 — 21 + 9, leading to
T = %, but this contradicts x; < 1.

Hence, is must hold that 0 < z; < 1 and —1 < 29 < 0. With this,
reduces to 1 — x9 = 3 — x1 + 22, which is equivalent to x1 — x5 = % From
this it further follows that z; > %, because otherwise one would get the
contradiction —1 < x5 = 27 — % < —1.

This case distinguishing shows that

Hi, (0,610 = b2) N My, (0,261 — by)

() ew|nn-tuc[li]l=~ (1.4)

2 2’
Using the notation of Proposition m it is {(z1,20)7 € Séo) | z; > 0} C F.
Therefore, it follows from the proof of Lemma that

{U c /:(bl,bg) \ {0} | F Q HTM(O’U)} = {bl - b2,2b1 - bg} (45)

In particular, this shows that H (0,61 — by) N H | (0,201 — by) = F. Since
Lemma also states that F C V(L(b1,bs), || - ||1), it holds that F fulfills the
first condition of Definition as well as the second condition by (4.5)). Further-
more, condition four follows from and . To verify condition three, let
z:=3(1,-1)" € F and § := 1, and show B, s(z) N Hir, (0,61 —by) € F as well
as B||.||275(:L’) N HH:~H1<O’ 2b; — by) C F.

For y € Bj,s(z) N (7—[”:,”1(0,1)1—bg)UHH:,”l(O,le—bQ)), it holds that

y1 € (3,1) and y» € (—1,—3). Hence, one of the equalities |y1] + |yo| =
ly1 — 1|+ |y2+2] or |y1|+|y2| = |y1—2|+ |y2+1| already implies y; —y2 = 3—y1 + o,

which is equivalent to y; — yo = % This shows that y € F. O]

Hence, for arbitrary norms, one can conclude from Proposition [4.39| only that
every Voronoi cell of the origin of a given lattice has at least as many facets as
Voronoi-relevant vectors. The rest of this chapter considers strictly convex norms.
First the investigation is restricted to two-dimensional lattices, and later higher
dimensions are discussed.

4.4.1 Two-dimensional lattices

In the special case of lattices with dimension two and strictly convex norms, one
can indeed show that every facet of the Voronoi cell of the origin has a form as
given in Proposition [£.39) Notably, this means that facets can be defined more
easily and precisely in this case.

74



4.4 Facets

Proposition 4.41 Let ||-|| : R? — Rx be a strictly convex norm and let A C R? be
a lattice. Then it holds for every facet F of the Voronoi cell of the origin that there
is a unique Voronoi-relevant vector v € A such that F = V(A, || - [|) "H;;, (0,v).

Proof. For a facet F C V(A, || - ||), there is some v € A\ {0} with F C H [, (0,v)
by condition two of Definition Moreover, by the third condition of this
definition, there are 2 € F and 6 € R.q with By, s(z) Nspan(A) NH | (0,v) C F.

Assume for contradiction that there is w € A\ {0,v} with F C H;;, (0, w).
In particular, it holds that x € H[7,(0,v) N H|;(0,w). Theorem 2 in [6] shows
that both of these bisectors are homeomorphic to lines, and for this case Theorem
2.1.2.3 in [I0] states that the intersection of these bisectors is empty or a single
point, where the intersection is empty if 0, v, w would be collinear. Thus it follows
that H 7 (0,v) N M (0,w) = {z} and that 0,v,w are non-collinear, where the
latter implies span(A) = R?. This shows that B, s(v) N H;(0,v) C F = {x},
which contradicts that H| (0, v) homeomorphic to a line by Theorem 2 in [6].

Hence, v is the only vector in A\ {0} with & C H[7,(0,v). Condition four of
Definition @ implies H;7, (0,0) N V(A,[[ - [|) = F. It is left to show that v is
Voronoi-relevant. If ||z — w|| > ||z|| holds for all w € A\ {0,v}, it would directly
follow that v is Voronoi-relevant. Thus assume that ||z —w|| = ||z|| holds for some
w € A\ {0,v}. Then it follows as above that span(A) = R?. Since

U (35(0.0) n A (0,u))

ueA\{0,v}

is countable by Theorem 2 in [6] and Theorem 2.1.2.3 in [I0], there is some
Y € Byy,s(x) N H(0,v) € F such that y ¢ U (H”:.H(O,v) ﬂ’HH:.”(O,u)>.

ueA\{0,v}
Hence, y € F = H7(0.v) A VA - ) and (] = v — v <}y — ] for al
u € A\ {0,v}. Therefore, v is Voronoi-relevant. O
Corollary 4.42 Let || || : R* = Rxq be a strictly convex norm and let A C R?

be a lattice. Then it holds that vi— V(A, || - [|) "M (0,v) is a bijection between
Voronoi-relevant vectors and facets of the Voronoi cell of the origin.

Proof. This statement follows directly from Propositions and [4.41] ]

Additionally to this desirable correspondence between facets and Voronoi-
relevant vectors showing that every Voronoi cell of the origin of a given two-
dimensional lattice has exactly as many facets as Voronoi-relevant vectors with
respect to a strictly convex norm, it holds for the two-dimensional and strictly
convex case that all these facets are connected.

Proposition 4.43 Let || -| : R? = Rxq be a strictly convex norm and let A C R?
be a lattice. Then it holds that every facet of the Voronoi cell of the origin is
connected.
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Proof. Let F be a facet of the Voronoi cell of the origin. By Proposition [4.41}
there is a Voronoi-relevant vector v € A with & = V(A, || - [|) N H[;;(0,v). Using
Theorem 2 in [6], one finds a homeomorphism f : R — ”Hﬂ(o, v). Consider now
11,7y € F with 21 # 29, and define 7, := f~1(x;) as well as 7 = f~1(x2).
Without loss of generality, one can assume that 7 < 7.

Now assume for contradiction that there is u € (71, 72) such that f(u) ¢ F.
Then it holds that f(u) ¢ V(A,| - ||), which implies the existence of some
w € A\A{0,v} with || f(p) —w|| < || f(p)||. Due to zy, 29 € F it is ||z1 —w]|| > [|z1]]
and ||zy — wl|| > ||z2|. Corollary 4.8 gives that g : R? = R,z — |z — w| — ||=||
is continuous, which further implies that g o f is continuous. Furthermore, it is
g(f(m)) >0, g(f(m2)) > 0and g(f(u)) < 0. Applying the intermediate value the-
orem twice yields puy € [r1, ) with g(f(p1)) = 0 and ps € (p, 72] with g(f(pe)) = 0.
Thus, f(u1), f(pu2) € Hi(0,w) N H; (0,v) follows, which shows by Theorem 2
in [6] and Theorem 2.1.2.3 in [I0] that f(u1) = f(u2). Therefore, py = pe must
hold, which contradicts p1 < p < po.

Hence, it holds that f([m,m]) <€ F, and the continuous function
flirim] t (71, T2) = F is a path from z; to x,. O

4.4.2 Higher-dimensional lattices

If one wants to generalize the result from Proposition to arbitrary dimensions
n greater than two, one needs that the intersection of two bisectors between 0 and
v, and 0 and w is (n — 2)-dimensional as long as 0, v and w are non-collinear.
This was discussed in Section [£.2] Additionally, one wants the property that two
bisectors of the above form do not only touch at their (n — 2)-dimensional inter-
section, but also that each bisector has parts in both halfspaces determined by the
other bisector. After this is shown in the next lemma, the desired generalization

of Proposition can be stated and proven with the help of Theorem [£.18|

Lemma 4.44 Let ||- || : R® — Rx¢ be a strictly convex and smooth norm, and let
V C R"™ be a subspace. If ay,as,a3 € V are non-collinear, then

Hi(a,a) NV & HHS.”(CM, az) NV and
Hiyla,a2) NV £ H”§||(a3, ar)NV.

Proof. Let H C V be the plane spanned by ai,as,a3. Then it holds that
are ¢ HN HH:.”(al,ag). In addition, let K7 := E\HI Llar—as| (“1;”12) N H, which
)

gives a two-dimensional strictly convex and smooth body with center point

Lemma 2.1.1.1 and Theorem 2.1.2.3 in [I0] show for strictly convex bodies in
two-dimensions and for pairwise distinct points a, b, ¢ that there is at most one
uniformly scaled and translated copy of this body that has a, b, ¢ on its boundary,
and that exactly one such copy exists if a, b, ¢ are non-collinear and the given body
is smooth. Since 2a3 — a; € H does not lie on the line through a; and a,, Lemma
2.1.1.1 and Theorem 2.1.2.3 in [I0] imply the existence of a uniformly scaled (with

ai1+az
5 -
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center ‘“Qﬂ), translated copy Ko C H of K; having a1, as and 2a3 — a; on its
boundary. Let p € H denote the center point of K, i.e., the resulting point
after applying the same translation from K; to Ky on “4%. Then it holds that
lar — p|| = |laa — p|l| = ||2as — a1 — p||. The strict convexity of || - || leads to
las —pll = I3 (a1 = p) + 5 (2a3 — ar — p) || < [lar —pl|. Thus, p € Hj(ar,a2) NV,
but p ¢ HHS_”(al, az), which shows HH:_”(al, a)) NV ¢ HHS.H(CM, as).

@ta e H does not lie on the line through a; and ap, such that — as above -
some uniformly scaled (with center 21%2)  translated copy K3 C H of K exists

2
that has aq, as and %2“3 on its boundary. Let ¢ € H denote the center point of

K. Then it follows that [|a; — ¢|| = [Jaz — ¢ = [|*F% —q]|. Lemmayields

lar —qll =

R ST RS T

< max {[lar — q|, las — g},

which shows [la; —¢l| < [laz —q||. Hence, ¢ € H (a1,a2)NV, but ¢ ¢ HH§.”<O,3, ar),
which shows H | (a1,a2) NV ¢ ’HHS,H(ag, ap). O

Proposition 4.45 Let || - || : R" — Rxg be a strictly convexr and smooth norm,
and let A CR™ be a lattice. If Conjecture[4.17 is true, then it holds for every facet
F of the Voronoi cell of the origin that there is a unique Voronoi-relevant vector
v € A such that F = V(A || - |) N H[;(0,v).

Proof. For a facet 7 C V(A, || - ||), there is some v € A\ {0} with F C H{ (0,v)
by condition two of Definition [£.38 Moreover, by the third condition of this
definition, there are z € F and § € Rxo with By, s(z) Nspan(A) NH; (0,v) € F.

Assume for contradiction that there is w € A\ {0,v} with z € H(0,w). If
Conjecture 4.17 is true, Theorem |4.18| implies that 0,v,w are non-collinear and
that H,(0,v) N K (0,w) N span(A) is homeomorphic to R™2 where m > 2
denotes the dimension of span(A). Furthermore, it follows from Theorem 2 in
[6] that span(A) NHj; (0,v) is homeomorphic to R™! and from Lemma 1 in [6]
that every bisector of two distinct points separates its two corresponding strict
halfspaces from each other. By Lemma , Hip(0,0) N H (0, w) N span(A)
separates Hj (0, v) N span(A) in two domains, where one domain is contained in
H}(0,w) and the other in H, (w,0). Since x € Hj, (0, v) NH; (0, w) Nspan(A),
there is y € By,,5(x) Nspan(A) NH[; (0,0) € F S V(A, || -|]) with y € H (w,0),
which is a contradiction.

Hence, v is Voronoi-relevant and v is the only vector in A\ {0} such that F C
Hj(0,v). Condition four of Deﬁnition@implies Hi (0, 0) VA, ) =F. O

Corollary 4.46 Let || - || : R* — R be a strictly convexr and smooth norm,
and let A C R"™ be a lattice. If Conjecture is true, then it holds that
v = VA - ) N Hp(0,0) is a bijection between Voronoi-relevant vectors and

facets of the Voronoi cell of the origin.
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Proof. This statement follows directly from Propositions and [4.45] n

Unfortunately, one cannot hope for a connectedness result as stated in Propo-
sition for higher dimensions than two. The next proposition does not give
a counterexample for lattices, but considers the case where the given discrete set
of points has exactly four points. It finds a Voronoi cell with a facet that is not
connected, although the norms fulfill strict convexity and smoothness. Hence, un-
der the assumption of Conjecture .17], every Voronoi cell of the origin of a given
lattice has exactly as many facets as Voronoi-relevant vectors with respect to a
strictly convex and smooth norm, but the total number of connected components
of the individual facets might be higher than the number of Voronoi-relevant vec-
tors. The proof of the next proposition uses two generalizations of the classical
Jordan curve theorem, which will be stated first: The Jordan-Brouwer separation
theorem and the Jordan-Schoenflies theorem.

Theorem 4.47 (Jordan-Brouwer separation theorem) Let n € Nyn > 2. If
X C R™ if homeomorphic to S*~1, then R™\ X has exactly two connected compo-
nents, where one is bounded and the other unbounded, and X is the boundary of
each component.

A proof for the Jordan-Brouwer separation theorem is for example given in [11].
For the case n = 2, it yields the Jordan curve theorem, since every closed Jordan
curve in R? is homeomorphic to S*.

Definition 4.48 A closed Jordan curve in R? is the image of a continuous func-
tion ¢ : [0,1] — R? such that the restriction ¢l 1y is injective and o(0) = ¢(1)
holds.

Theorem 4.49 (Jordan curve theorem) If K C R? is a closed Jordan curve, then
R2\ K has exactly two connected components, where one is bounded and the other
unbounded, and K 1is the boundary of each component.

Another extension of the Jordan curve theorem is the Jordan-Schoenflies theo-
rem, which can for example be found in [I5] or []].

Theorem 4.50 (Jordan-Schoenflies theorem) Let K C R? be a closed Jordan
curve with homeomorphism h : K — S*. Then h can be extended to a homeomor-
phism H : R? — R2.

In addition, if A is the unbounded component of R* \ K and B the bounded
component, then BU K is homeomorphic to {x € R? | ||z||zs < 1}, and AU K s
homeomorphic to {x € R? | ||x||; > 1}.

Proposition 4.51 Let p € N with p > 3. There exists P := {a1,as,a3,a,} C R3
such that a facet of V)., p(a1) is not connected.

Proof. For p > 3, the unit ball of || - ||, is not an ellipsoid. It was shown in
[T4] and [5] that for each convex body K in R* which is not an ellipsoid there
is a uniformly scaled, translated copy K of K with K # K such that 9K N K
is not contained in a plane. This result gives non-coplanar ai,as,as,a; € R3
such that [H (a1,a2) N H, (a1,a3) N M (a1,a4)] = 2. Together with the
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strict convexity and smoothness of || - ||,, Lemma 3.1.3.5 in [I0] even yields that
My, (ar, a2) VR (@, a3) VH (a1, aq)] = 3. Furthermore, it is proven in [9]
that [H (a1, a2) NH| (a1, a3) N H (a1, aq)| < .

First consider M (a1, ay), which is homeomorphic to R? by Theorem 2 in [6].
This bisector is depicted schematically in Figure [4.4] as the background plane of
this figure. By Lemma 3.1.2.6 and Corollary 3.1.2.7 in [10], there exists a homeo-
morphism f: R — Hj (a1,a2)"Hj (a1, as). Lemma 1 in [6] yields that every bi-
sector of two distinct points separates its two corresponding strict halfspaces from
each other. By Lemma , Hiy, (a1, a2) NVH (a1, as) separates H (a1, az) in
two connected domains, where one domain is contained in 7-[”<.Hp(a1, az) and the
other in H, (as, a1). Analogously, M (a1, a2)NH|; (a1, as) is homeomorphic to
R and separates H[ (a1, az) in two connected domains contained in Hj, (a1, as)
or HH<~||p (as, ar), respectively. Both of these intersections with H | (a1, a2) are also
schematically illustrated in Figure 4.4l From the paragraph above it is known
that the three discussed bisectors intersect in at least three, but a finite number
of points. Thus, there is k£ € N, k£ > 3 such that

f_l <H”:,Hp((l1, ag) N H”:,||p(a1, ag) M Hmp(al, a4)> = {’7'1, T2y« .. ,Tk}

with 7y < 75 < ... < 7. Fori € {1,... k}, define z; := f(7;), inducing also an
ordering of the intersection points. The first three intersection points xy, xs, x3
are depicted in Figure .4l Note that due to these intersection points, there
must be two bounded domains A, B of H”:_“p(al,aQ), where A corresponds to
the part of ’HH:.”p(al,ag) N 7’[”:.||p(alaa3) between x; and x9, and B corresponds
to the part of Hﬁ“p(a17a2) N HHZ'IIp(al’a3) between xy and x3, as depicted in
Figure . In addition, C' denotes the domain of H”f“p(al, ay) corresponding to
the unbounded part of Hj (a1, a2) NH| (a1,as) “before” z1, which “lies on the
same side” of this bisector intersection as B. More precisely, this means that either
B,C C Hﬁ,up(al,ag) or B,C C 'H”<.Hp(a3,a1), and either B,C C 7-[”<.Hp(a1,a4)
or B,C C 7—[”<.”p(a4,a1). Without loss of generality, one can assume that
B,C C HH<~||p (aq,a4), because otherwise — instead of B and C' — one can consider
A and the domain of HH:~||p (a1,aq) corresponding to the part of
Hiy, (a1, a2) VHE (a1, a3) “behind” z3, which “lies on the same side” of this
bisector intersection as A. Now, distinguish the following cases:

1. B,C CHjy (a1, a3):

In this case, B and C are both contained in the facet V)., p(a1)"H | (a1, a2)
of the Voronoi cell of a; € P := {a1, as, as, as}, which is thus not connected.

2. B, C - ’H”<,”p(a3,a1):

One can proceed analogously as above, but starting with H”:_“p(al, az) and
then considering H[ (a1, as) VK (a1, az2) and Hj; (a1, a3) VH| (a1, as).
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Figure 4.4: Illustration for the proof of Proposition m B and C' yield not con-
nected parts of the same facet.

This yields an analogous picture as in Figure [£.4] where the labels
“Hj, (a1, a2)” and “H;;, (a1,a3)” are exchanged. The domains correspond-
ing to B and C are denoted by Bj 3 and C' 3, respectively. Since f ((72,73)) C
7—[”<,Hp(a1,a4), it also holds that B;3,C135 C HH<.||p(CL1,CL4)- Using these two
domains, one can distinguish again two cases:
a) BLg, 01,3 g ’H”<.Hp(a1, a2>1
In this case, B;3 and C;3 are both contained in the facet
Ve (ar) N K (a1, a3) of the Voronoi cell of ay € P, which is thus
not connected.

b) Bi3,Ci3 C ’H”<.Hp(a2,a1)2
In this situation, one starts the above process again, but
this time with Hj (a2,a3). Then, one considers the intersections
Hiy, (a2, as) NVH (a1, a2) and H (a2, a3) VH ) (az, as), to get again
an analogous picture as in Figure , where the label “’HH:.”p(al, as)” is
replaced by “Hﬁ”p(ag,ag)” and the label “7—[”:_||p(a1,a4)” by
“H, (a2, as)”. The domains corresponding to B and C' are denoted
by Bss and Cy 3, respectively. Since f ((72,73)) C Hﬁ,np(ag, ay), it also

holds that Bss, Cas C H”<_||p(a2,a4). With these two domains, two

further cases need to be distinguished:
i. By, Coz S H (az, a1):

In this case, Bys and C,3 are both contained in the facet
Vi, p(a2) NH|, (a2, a3) of the Voronoi cell of a; € P, which is
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thus not connected. Renaming of the points in P yields Proposi-

tion .51
ii. By3z, Co3 C HH<,||p(CL1, az):
The rest of this proof shows that this case cannot occur.

From B C M| (a1, az) it follows that B C H, (a3, az). With the
same argument, B3 C HH:,”p(al,ag) implies By 3 C HH<_”p(a2,a3).
This means that B and By 3 lie on two different sides of (a9, as).
Moreover, Hj (a1, a2), Hj (a1,a3) and H| (a2, as) intersect in
’Hﬂp(al, ag)ﬂHH:,”p(al, as) and separate R? into six domains. These
intersections and domains are illustrated in Figure 4.5 at the in-
tersection point f (243) € Hiy, (a1, a2) N M (a1, a3). The six
domains are denoted by Giji = HJ, (ai,a;) N Hy (a;, @) with
i,7,1 € {1,2,3} pairwise distinct. The bold line parts indicate
on which side of the intersection M (a1,a2) N Hj (a1,a3) the
domains B, B; 3 and By 3 lie, respectively.

G132

G312
Hipy, (a1, a2)

Figure 4.5: Ilustration for the proof of Proposition 4.51} Situation which cannot
occur.

Denote by P o C ’HH:,”p(al, as) ﬂ?—[”:,Hp(al, ay) the part of this bisec-
tor intersection between x5 and x3, both points inclusive.
Analogously, P13 C ?—[”:,Hp(al,a;;) N 7—[m|p(a1,a4) and P35 C
Hiy, (a2, a3) N K (az,a4) denote the parts between xz and ws.

Hence, for all 7,5 € {1,2,3} with ¢ < j there exists a homeomor-
phlSHl wi,j : [0, 1] — Pi,j with wl’](()) = X2 and wz,](l) = I3.
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P sUP 3 C HH:,”p(al, ay), so let oy : R? — Hi, (a1, ay4) be a home-
omorphism. Since P, 5 and P, 3 are paths from z, to x3 without
inner intersections, K := ¢, *(P12) U (P3) is a closed Jordan
curve in R% Thus it follows from the Jordan curve theorem that
R?\ K has exactly two connected components, where exactly one
of them is bounded and K is the boundary of both components.
Let the bounded component be denoted by D;. When identifying
the one-dimensional sphere S* with the unit circle in the complex
plane,

eimﬁfé(w(w))  if oy (z) € U1 ((0,1)),

b Ky - Sl’ N 6m(2—¢1,3(<p1(z))) , 1f ()pl(aj) c ¢1,3 1 ) ,
, if @1 () = 29,
—1 ,if 1 () = 23

gives a homeomorphism, which can be extended to a
homeomorphism H, : R* — R? such that Hy(D;) = Bj.,1(0) and
Hl(Dll: Bj.,,1(0) by the Jordan-Schoenflies theorem. Further-
more, Bjj.|,,1(0) € R? is homeomorphic to the two-dimensional half
sphere 57, = {y = (y1,y2,43)" € R | [lyll2 = 1,y3 > 0}, and thus
also homeomorphic to the two-dimensional quarter sphere
Sy, =1y = (W, 9,93)" € R | |lylla = 1,3 > 0,51 > 0}. Note
that these homeomorphisms can be chosen such that
{e™ | z € [0,1]} is identified with {y = (y1,90,93)7 € R3 |
lyll. = l,y3 = 0,yn < 0} (for the half sphere) or with
{v=(,v2,93)" €R* | lylla = 1,91 = 0,943 > 0} (for the quarter
sphere), respectively, and such that {e'™ | z € [1, 2]} is identified
with {y = (y1,92,y3)" € R? | ||yl = 1,y3 = 0,y; > 0}. Therefore,
©01(Dy) C HII I (a1, a4) is homeomorphic to 51/4 such that P 5 cor-

responds to {y = (y1,v2,43)T € R®| |lylla = 1,41 = 0,y3 > 0} and

Piyto {y = (y1,y2,93)" € R | [lyll2 = 1,3 = 0,51 > 0}. Since
Py \ {zg, 23} C HH:'”p(al’ az) N HH<-Hp<a3’ ar) and Py3 \ {22, 23} C

Hipy,(a1,a3) NHY (az,aq), it follows that there is exactly one
G € {GY, G} with

GY .= Gy3, U <7—[” 1, (a2 a3) VHE (as, a1)> UGs21,
G =Gy 53U <’H|: (a1, a2) N Hﬁup(al, a3)>
U G U (M), (02.03) N K[ (a1, a2) )
UGi32U (7{” (a1 az) OHE, (ar, a2)> U G319,

such that ¢;(D;) C G; or more precisely, for every path P C Dy
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from @] '(z2) to @) '(z3) without inner intersections with
01 (P2) and @7 '(Py3) it holds that ¢(P) C G U {xy, a3} is
a path from z, to z3. If it would hold that G = G, then
(’HH ), (a1, a2) VHE (al,a3)> U {x2, 23} would contain a path in
v1(Dq) C ’H”,”p(al, a4) from z5 to x3, which is not possible due to
B C N, (a3, a1). Hence, G = G

For Py U Pag C HHf||p(a2,a4) and Py 3U Py3 C H”:.Hp(ag,aél) with
homeomorphisms ¢, : R? — HH:_”p(ag, ag), o3 R? — H”:.“p(ag,azl)
and closed Jordan curves K, = gog_l(PLg) U 9051(P273),
K3 = @3 (P 3) U ;' (P3), one proceeds analogously and finds
bounded domains Dy, C R?*\ K, D3 C R?\ K3 with boundaries
K5, K3, respectively, such that

0a(Dy) C G319 U (H”:.”p(al, az) N HH<,||p(a1, az)) UG39,
p3(D3) C G U (7‘[”:.||p(a1, az) N M (ai, a3)> U G213

Let 812/47900 and 812/471800 denote two copies of 512/4 that are rotated

around the ys-axes by 90° or 180°, respectively, such that S? =

512/4 900 U 512/4 1500 Y 512/2 Defining homeomorphisms hy : Ky — S*

and hs : K3 — S' analogously as hy, one gets that ¢;(D;) is home-

omorphic to 51/4 900> ¢2(Ds) is homeomorphic to 51/4 1800 ©3(D3)

is homeomorphic to S? 70 and these three homeomorphisms can be
“glued together” to a homeomorphism

C = ¢1(D1) U pa(Dy) U p3(D3) — S°.

The Jordan-Brouwer separation theorem implies that R? \ C has
exactly two connected components, where exactly one of the
components is bounded. Let D® be the bounded component
and D be the unbounded component. Furthermore, it is
z9, 23 € C C HT” (a1,a4) U Hy (az,a4) U H (as,aq) and
f((r2,m3)) € DY N HH " (a1,a4) N HH I (ag,aq) N 7-[” " (a3, a4). In
particular, it is either ay € D© or ay, € D®. In both cases, it
follows from the boundedness of D® that the ray from a4 through
f (TQJFTT?’) intersects C behind f (%) at u € C. Therefore, there
exists 7 € (0,1) with f(232) = 7as + (1 — 7)p, as well as
i € {1,2,3} with || — a4, = || — as]l,. Hence, using Lemma [2.6]
one gets the contradiction

p)

p
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5 Conclusion

The main question of this thesis was answered in Chapters [2] and [3} By Proposi-

A (A
in every lattice A with respect to an arbitrary norm || - ||. This bound depends

on the lattice dimension n and two additional lattice parameters. Thus, it is not
sufficient for the algorithm by Micciancio and Voulgaris, which needs an upper
bound of the form 29", Table summarizes when such a bound exists (cf. [I],
Theorem , Corollary , Theorem . The constructions in Corollary

n
tion H, there are at most (1 + 4M> generalized Voronoi-relevant vectors

norm H n=2 ‘ n>3J3

Euclidean 2(2" —1)

strictly convex 2(2" - 1) ‘ no bound solely depending on dimension
arbitrary * no bound solely depending on dimension

Table 5.1: Upper bounds for the number of Voronoi-relevant vectors (first two
rows) and generalized Voronoi-relevant vectors (last row, marked by *)
with respect to different norms and lattice dimensions n.

and Theorem [2.28| use the 3-norm and the 1-norm, but they should be extendable
to p-norms for p € (1,00),p # 2 and the co-norm, respectively. Hence, one cannot
easily generalize the algorithm by Micciancio and Voulgaris with the same time
and space complexity of 20 to the 3-norm or the 1-norm and probably neither
to any p-norm for p € [1, 00|, p # 2.

The last chapter gives several directions for future work: On the one hand, fur-
ther analysis of the Conjectures and is required. Alternatively, trying to
discover proofs for the corresponding Theorems and without depending
on these two conjectures seems worthwhile. Note that it is also sufficient for Propo-
sition and Corollary to show Theorem [4.18 instead of Conjecture [4.17
On the other hand, the study of bisectors and their intersections in general di-
mensions seems to be of fundamental importance but not well understood. Thus,
one possible research direction is the further investigation of these objects. The
results about bisectors described in this work have an analytic point of view, but
it might also be interesting to study bisectors in an algebraic manner. For this,
one could start with the examination of the algebraic varieties given by bisectors
of p-norms.
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