Explaining data by stochastic models

Given set of points X C RY,|X| < 0.
Find a stochastic distribution (model, process) that explains the

data well.
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Explaining data by stochastic models

Given set of points X C RY,|X| < 0.
Find a stochastic distribution (model, process) that explains the
data well.

m Impossible to solve if we do not restrict the distributions that
have to be considered.

= Need to fix a family of distribution in advance.
m Find a good or even best distribution from that family.

m When does a distribution explain data well?
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The Old Faithful data set
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The Old Faithful data set
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The Old Faithful data set
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Is there a distribution that explains the apparent dependency
between duration and time until next eruption?
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Families of distributions

Families of continuous distributions

mdeN SCR?® forsomes e N, |S| =00
m for each © € S a density function p(-|©) : R? — Ry, i.e.

/Rd p(x|©)dx = 1.

m denote family of distributions or density functions by
{p(-1©)}ees or simply {p(:|O®)}e




Families of distributions

Families of continuous distributions

mdeN SCR?® forsomes e N, |S| =00
m for each © € S a density function p(-|©) : R? — Ry, i.e.

/Rd p(x|©)dx = 1.

m denote family of distributions or density functions by
{p(-1©)}ees or simply {p(:|O®)}e

Example - univariate Gaussian distributions

md=1S5S=RxR-50,0=(y,o0)
m p(:|©) = p(:|p, o) = N (-], 0?)
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Likelihood and negative log-likelihood

Definition 6.1

Let X C R?,|X| < oo and {p(-|©)}ecs a family of density
functions.
p(X[©) :=[1,ex p(y|©) is called the likelihood of X with
respect to p(-|©) or simply with respect to ©.

Lx(©) =—In(p(X|©)) = = >, cx In(p(y[©) called negative
log-likelihood of X with respect to ©.
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Maximum log-likelihood estimation

Problem 6.2 (Maximum likelihood estimation)

Given a family {p(-|©}ecs of distributions on RY and a finite set
X CRY, find ©9 € S that minimizes the negative log-likelihood

Lx(9).
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Maximum log-likelihood estimation

Problem 6.2 (Maximum likelihood estimation)

Given a family {p(-|©}ecs of distributions on RY and a finite set
X CRY, find ©9 € S that minimizes the negative log-likelihood

Lx(9).

Remarks
m Depending on the definition of S the maximum likelihood
estimation problem is not well defined.

m In other cases, the parameters © that have the minimal
negative log-likelihood are not very useful.

m In this case, the goal is to find "useful” or "relevant”
parameters © that model the point set X.
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Log-likelihood estimation for spherical Gaussians

Theorem 6.3

Let S =R x Rsq and p(-|ut, ) = N(-| i1, 02) for all (i1,0) € S.
For a finite point set X C R, |X| > 2,

for fixed pu the value for o minimizing Lx(u, o) is given by

0% = |X1| >y = w3

yeX

the parameters © = (u,0) minimizing Lx(u, o) are given by
1 2 1 2
uzmzy and o :WZ(Y_“) :
yeX yeX

Consequently, given X the optimal values for u and o can be
computed in time O(|X)). |7
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Multivariate Gaussians

Spherical Gaussian distributions

m d arbitrary, fixed, S = RY x R.g,0 = (u,0)
m V(| 0%) i RY = Reg
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Multivariate Gaussians

Spherical Gaussian distributions
m d arbitrary, fixed, S = RY x R.g,0 = (u,0)
m V(| 0%) i RY = Reg

(2mo2)d/2 202

Contours of constant probability density for spherical Gaussians
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Multivariate Gaussians » )|<<

Axis-aligned Gaussian distributions

d arbitrary, fixed, S ¢ R? x ]Rio, ©=(u,01,...,04)

N(’@) . Rd — R>0

1 (xi — pi)?
7 myer([1o2) e P <‘Z 207 )
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Multivariate Gaussians

Axis-aligned Gaussian distributions
d arbitrary, fixed, S ¢ R? x ]Rio, ©=(u,01,...,04)

N(’@) . Rd — R>0
1 (xi — pi)?
7 emyir([e?) 2 P (‘ 250 )

Contours of constant probability density for axis-aligned Gaussians

1-2“
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Multivariate Gaussians

(General) Gaussian distributions

d arbitrary, fixed, S C RY x R*9 © = (u,¥), X positive definite

N(1©) : RY = R

1 (x =) TN (x—p)
X emyir(der(z)) 2 P (‘ 2 >

v
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Multivariate Gaussians

(General) Gaussian distributions
d arbitrary, fixed, S € RY x R4 @ = (u, X), L positive definite

N(1©) : RY = R
1
7 emyar(der(n)) 2 P (‘ 2

Contours of constant probability density for general Gaussians

T2
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Multivariate Gaussians

(General) Gaussian distributions
d arbitrary, fixed, S € RY x R4 @ = (u, X), L positive definite

N(1©) : RY = R

1 (x =) TZ M x = p)
7 ) (der(x)) 2 P (‘ 2 )

v

Contour in terms of eigenvalues and eigenvectors of -

)
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Log-likelihood estimation for spherical multivariate Gaussijgs )|<
Theorem 6.4

Let S =RY x Rwg and p(-|u, o) = N(-|u, 0?) for all (u,0) € S

For a finite point set X C R?, |X| > 2,
for fixed yu the value for o minimizing Lx(u, o) is given by

1
2 2
o :75 ly — ull%,
d\X\yeX

the parameters © = (u,0) minimizing Lx(u, o) are given by

A\DERBORN
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1 2 1 2
p=rsD y and o =——2 > |ly—pl
X] 2 ax] 2

yeX

Consequently, given X the optimal values for u and o can be

computed in time O(|X|).




Log-likelihood estimation for multivariate Gaussians S )|<

Theorem 6.5

Let d € N,S CR? x Ryxa, p(-|©) = N(|©),© = (1, %),
Y € R9%9 positive definite. For a finite point set X C RY,|X| > 2,

for fixed 1 the value for o® minimizing Lx (1, ) is given by

Z=|X1|y§<(y—u)‘(y—u)T,

the parameters © = (u,0) minimizing Lx(u, o) are given by

1 1
M:WZY and ZZWZ(y—u)-(y—M)T-
yeX yeX
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Mixtures of Gaussians

Gaussian mixture distributions
m d, K arbitrary, fixed, © = (©1,...,0k, ), Ok models for
d-variate Gaussian distributions, 7 € Rgo, |71 =1

"X ZﬂkN(x]@k)
K
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Mixtures of Gaussians

Gaussian mixture distributions
m d, K arbitrary, fixed, © = (©1,...,0k, ), Ok models for
d-variate Gaussian distributions, 7 € Rgo, |71 =1

"X ZﬂkN(x]@k)
K

Mixture of three univariate Gaussian distributions

()4
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Mixtures of Gaussians

Contours of
constant probability
densities for three
Gaussians

05 ﬁ b,
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Mixtures of Gaussians

Contours of Contours of
constant probability constant probability
densities for three densities for mixture
Gaussians of three Gaussians

0.2 0.5

0.5 ﬁ 'o'
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Mixtures of Gaussians

Contours of Contours of Surface plot for
constant probability constant probability mixture of three
densities for three densities for mixture Gaussians
Gaussians of three Gaussians

0.5
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Old Faithful and mixtures of Gaussians

Explaining Old Faithful with a
single multivariate Gaussian
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Old Faithful and mixtures of Gaussians

Explaining Old Faithful with a Explaining Old Faithful with a
single multivariate Gaussian mixture of two multivariate
Gaussians

: |
60 60
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Graphical representation of Gaussian mixtures

Xn

To generate a point distributed
according to a mixture of

Gaussians:
choose an index k according

to the distribution
7= (T1,...,7K)

choose a point x according
to the distribution NV (:|©k).
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Likelihood for mixtures of Gaussians

Gaussian mixture distributions

m d, K arbitrary, fixed, © = (©1,...,0k, ), Ok models for
d-variate Gaussian distributions, 7 € Rém ||l =1

m x> Y mN(x]0k)
k

Likelihoods

X C Rd,|X| =N, X= {Xl,...,XN}
= p(X|0) = Ty P(xnl©) = Ty (SIy M (0104

m Lx(O) = p(X|©)) Z In (Zm\/ X,,|@k>
n=1
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Likelihood for mixtures of Gaussians

Gaussian mixture distributions

m d, K arbitrary, fixed, © = (©1,...,0k, ), Ok models for
d-variate Gaussian distributions, 7 € Rém ||l =1

m x> Y mN(x]0k)
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Likelihoods
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Likelihood for mixtures of spherical Gaussians

Gaussian mixture distributions

m d, K arbitrary, fixed, © = (©1,...,0k,7), Ok = (tk, k),
models for d-variate spherical Gaussian distributions,
mE Rgo, |rlli =1

"X Zmd\f(x]@k)
K

Tﬂm“ml h

!
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Likelihood for mixtures of spherical Gaussians

K

Gaussian mixture distributions

m d, K arbitrary, fixed, © = (©1,...,0k,7), Ok = (tk, k),
models for d-variate spherical Gaussian distributions,
mE Rgo, |rlli =1

"X Zﬂk/\f(xle)k)
K

Likelihoods
X C Rd7|X| =N, X = {Xla

.. .,XN}. Set M1 = X1,7T1 75 0. Then
lim Lx(©) = —o0,

o1—0

i.e. negative log-likelihood not well-defined.
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Optimality conditions for d =1

No closed formula for

N K
argming Lx(0) = argming — Z In <Z WkN(Xn]@k)>
k=1

n=1 —




Optimality conditions for d =1

No closed formula for

argming Lx(6) = argming — Z In

n=1

Taking derivatives (with Lagrange multipliers) yields

1
Mk:RikZ’Ynkak:la"'v

— k=1,...,K,

where R, = anl Ynk, and Yok =

Zj N

K,

TN (Xn| 1,0 k)
(xnlujyoi)

<Z WkN(xn]@k)>
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The EM algorithm

EM(X), X = {x1,...,xn}

choose K initial means, variances, and mixing coefficients

2 C_ )
Pk, O, Ty | = 1,000 K
repeat

foralln=1,..., N k=1... K set Y := %

for k=1,... K set u}®" := Rik > n YnkXns

R = g Do Yok (X — 1), Ric = 30 ok, T 1=

until convergence;

R .
N

return iy, 02, e, k=1,..., K
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repeat

foralln=1,..., N k=1... K set Y := %

for k=1,... K set u}®" := 4 > 0 YnkXn,

k
2 1 2 I . R.
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The EM algorithm

EM(X), X = {x1,...,xn}

choose K initial means, variances, and mixing coefficients

uk,ai,wk,i: 1,...,K,
repeat
/* expectation step */

— — TN Cnlpiook) .
foralln=1,... N k=1...,K set v,k := > TN (xnlpjso7) !
/* maximization step */

for k=1,... K set u}®" := 4 > 0 YnkXn,

k
2 1 2 I . R.
OB = LS ok — 12, R = 3 ok T = B,

until convergence;

return iy, 02, e, k=1,..., K

. . . . 'Ll‘ UNIVERSITAT PADERBORN
convergence: quality of solution no longer improves
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The k-means algorithm

K-MEANS(P)

choose k initial centroids ¢y, ..., ck;

repeat
/* assignment step */

fori=1,...,kdo
‘ C; := set of points in P closest to ¢;;
end
/* estimation step */
fori=1,...,kdo
| cii=c(G) = 18 Xpec P

end

until convergence;

return c1,...,cc and Gp,..., Cy 'L(‘m,vwezsgmmssm.e:::f,
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Properties of EM

m EM very popular in practice
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Properties of EM

m EM very popular in practice
m EM is reasonably efficient
m EM usually finds good solutions

m Quality of solutions depends crucially on initial solution
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