diameter, radius, discrete radius

D: M x M — R distance function, S C M, |S| < oo
m diam®(S) := max, ,cs D(x,y) (diameter of S)
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diameter, radius, discrete radius

pey
=

D: M x M — R distance function, S C M, |S| < oo

m diam®(S) := max, ,cs D(x,y) (diameter of S)
m rad?(S) := min,ep maxyes D(x, m) (radius of S)
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diameter, radius, discrete radius

D: M x M — R distance function, S C M, |S| < oo
m diam®(S) := max, ,cs D(x,y) (diameter of S)
m rad?(S) := min,ep maxyes D(x, m) (radius of S)

m drad®(S) := mines maxees D(x, m) (discrete radius of S)
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diameter, radius, discrete radius

D: M x M — R distance function, S C M, |S| < oo
m diam®(S) := max, ,cs D(x,y) (diameter of S)
m rad?(S) := min,ep maxyes D(x, m) (radius of S)

m drad®(S) := mines maxees D(x, m) (discrete radius of S)

P C M,|P| < 00,C = {Cy,...,Cx} partition of P

m cost} (C) := maxy<i<k diamP(C;) (diameter cost)
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diameter, radius, discrete radius

D: M x M — R distance function, S C M, |S| < oo
m diam®(S) := max, ,cs D(x,y) (diameter of S)
m rad?(S) := min,ep maxyes D(x, m) (radius of S)

m drad®(S) := mines maxees D(x, m) (discrete radius of S)

P C M,|P| < 00,C = {Cy,...,Cx} partition of P
u COStgam(C) = maxi<<k diamD(C,-) (diameter cost)

m cost? (C) := maxy<j<k rad®(C) (radius cost)
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diameter, radius, discrete radius

D: M x M — R distance function, S C M, |S| < oo
m diam®(S) := max, ,cs D(x,y) (diameter of S)
m rad?(S) := min,ep maxyes D(x, m) (radius of S)

m drad®(S) := mines maxees D(x, m) (discrete radius of S)

PcC M,|P| <o0,C={C,...,C} partition of P
m cost} (C) := maxy<i<k diamP(C;) (diameter cost)
m cost? (C) := maxy<j<k rad®(C) (radius cost)

m cost? ,(C) := maxq<;<k drad®(C;) (discrete radius cost)
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diameter, radius, discrete radius

Problem 6.1 (diameter k-clustering)

Given a set P,|P| < oo, k € N, find a partition C of P into k
clusters Ci,. .., C that minimizes costl. (C).
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diameter, radius, discrete radius

Problem 6.1 (diameter k-clustering)

Given a set P,|P| < oo, k € N, find a partition C of P into k
clusters Ci,. .., C that minimizes costl. (C).

Problem 6.2 (radius k-clustering)

Given a set P,|P| < oo,k € N, find a partition C of P into k
clusters Ci, ..., Cx that minimizes cost® ,(C).
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diameter, radius, discrete radius

Problem 6.1 (diameter k-clustering)

Given a set P,|P| < oo, k € N, find a partition C of P into k
clusters Ci,. .., C that minimizes costl. (C).

Problem 6.2 (radius k-clustering)

Given a set P,|P| < oo,k € N, find a partition C of P into k
clusters Ci, ..., Cx that minimizes cost® ,(C).

Problem 6.3 (discrete radius k-clustering)

Given a set P,|P| < oo,k € N, find a partition C of P into k
clusters Ci,. .., Cx that minimizes costl _(C).
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Diameter clustering

Cy C,

Cs
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Agglomerative clustering - setup and idea

Tﬂm“ml h

D: M x M — R distance function,
PCM,|Pl=nP={p1,...,pn}
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Agglomerative clustering - setup and idea

D: M x M — R distance function,
PCM,|Pl=nP={p1,...,pn}

Basic idea of agglomerative clustering
m start with n clusters C;,1 </ < n, G := {p;}

m in each step replace two clusters C;, C; that are "closest” by
their union G; U G

m until single cluster is left.
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Agglomerative clustering - setup and idea

D: M x M — R distance function,
PCM,|Pl=nP={p1,...,pn}

Basic idea of agglomerative clustering
m start with n clusters C;,1 </ < n, G := {p;}

m in each step replace two clusters C;, C; that are "closest” by
their union G; U G

m until single cluster is left.

Observation Computes k-clustering for k = n, ..., 1.
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Complete linkage

Definition 6.4

For Cl, GcMm

Dci (G, @) = emax D(x,y)

is called the complete linkage cost of Cy, C,.
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Complete linkage

Definition 6.4

pey
=

For Cl, GcMm

DCL(C]_, Cz) = maxXx

D(x,
xeC,yeG ( y)

is called the complete linkage cost of Cy, C,.

DQ(Q’ G
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)

Cn == {{pitlpi € P};
fori=n—-1,...,1do

pey
=

find distinct cluster A, B € Cj11 minimizing D¢ (A, B);
Ci = (Ci+1\ {A,B})U{AU B}
end

return Cy, .

..,Cn (or single Cy)
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)

Cn == {{pitlpi € P};
fori=n—-1,...,1do

pey
=

find distinct cluster A, B € Cj11 minimizing D¢ (A, B);
Ci = (Ci+1\ {A,B})U{AU B}
end

return Cy, .

..,Cn (or single Cy)

°B
*A
°E
C D
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)

Cn == {{pitlpi € P};

fori=n—-1,...,1do

find distinct cluster A, B € Cj11 minimizing D¢ (A, B);
Ci = (Ci+1\ {A,B})U{AU B}

end

return Cy,...,C, (or single Cx)
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)

Cn = {{pi}|pi € P};
fori=n—-1,...,1do

pey
=

find distinct cluster A, B € Cj11 minimizing D¢ (A, B);
Ci = (Ci+1\ {A,B})U{AU B}
end

return Cy, .

..,Cn (or single Cy)
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)

Cn = {{pi}|pi € P};
fori=n—-1,...,1do

pey
=

find distinct cluster A, B € Cj11 minimizing D¢ (A, B);
Ci = (Cit1 \{A B}) U{AUB};
end

return Cy,...,C, (or single Ck)
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Agglomerative clustering with complete linkage

AGGLOMERATIVECOMPLETELINKAGE(P)

Cn = {{pi}|pi € P};
fori=n—-1,...,1do

pey
=

find distinct cluster A, B € Cj11 minimizing D¢ (A, B);
Ci = (Cit1 \{A B}) U{AUB};
end

return Cy,...,C, (or single Ck)

Theorem 6.5

Algorithm AGGLOMERATIVECOMPLETELINKAGE requires time
O(n?log n) and space O(n?).
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Approximation guarantees

°(

m diam~(S) := max, yes D(x,y

) (diameter of S)
°(

L] costé)iam(C) = maxj<j<k diam~(C;) (diameter cost)
m opt@m(P) = min|c|—k cost?. (C)




Approximation guarantees

m diamP(S) := max, yes D(x,y) (diameter of S)
L] costé)iam(C) := max<j<k diamP(C;) (diameter cost)
m opt@m(P) = min|c|—k cost?. (C)

Theorem 6.6

Let D be a distance metric on M C RY. Then for all sets P and all
k < |P|, Algorithm AGGLOMERATIVECOMPLETELINKAGE
computes a k-clustering C; with

cost?,-am(Ck) <0 (optﬂiam(P)) ,

where the constant hidden in the O-notation is double exponential
in d. ADERBORN
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Approximation guarantees

Theorem 6.7

There is a point set P C R? such that for the metric Dj_
algorithm AGGLOMERATIVECOMPLETELINKAGE computes a
clustering Cy with

costl.(C) = 3 - opti™™(P).
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Approximation guarantees

Theorem 6.7

There is a point set P C R? such that for the metric Dj_
algorithm AGGLOMERATIVECOMPLETELINKAGE computes a
clustering Cy with
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Approximation garantees

Theorem 6.8

There is a point set P C RY, d = k + log k such that for the metric
D, algorithm AGGLOMERATIVECOMPLETELINKAGE computes a
clustering Cy with

COStdlam(Ck) > = |Og k- OptZiam(P)‘
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Approximation garantees

Theorem 6.8

There is a point set P C RY, d = k + log k such that for the metric
D, algorithm AGGLOMERATIVECOMPLETELINKAGE computes a
clustering Cy with

COStdlam(Ck) > = |Og k- OptZiam(P)‘

Corollary 6.9

For every 1 < p < oo, there is a point set P C RY, d = k + log k
such that for the metric D, algorithm
AGGLOMERATIVECOMPLETELINKAGE computes a clustering Cy

with
costy,(Ci) > Liogk-o taem(P) sz
diam\“k) = 2 g PLy .




Hardness of diameter clustering

Theorem 6.10

For the metric Dy, the diameter k-clustering problem is NP-hard.
Moreover, assuming P # NP, there is no polynomial time
approximation for the diameter k-clustering with approximation
factor < 1.96.
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Hardness of diameter clustering

m A eRY" Ay = (x,y)-entryin A, 1 <x,y <n
m C={GC,..., C} partition of {1,...,n}
[ ] cost?,.am = maxi<j<k MaxXy yec Dxy
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Hardness of diameter clustering

m A eRY" Ay = (x,y)-entryin A, 1 <x,y <n
m C={G,...,C} partition of {1,...,n}
[ ] cost?,.am = maxi<j<k MaxXy yec Dxy

Problem 6.11 (matrix diameter k-clustering)

Given a matrix A € RLY", k € N, find a partition C of {1,...,n}
into k clusters Ci,. .., Cx that minimizes costy, (C).
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Hardness of diameter clustering

m A eRY" Ay = (x,y)-entryin A, 1 <x,y <n
m C={G,...,C} partition of {1,...,n}
[ ] cost?,.am = maxi<j<k MaxXy yec Dxy

Problem 6.11 (matrix diameter k-clustering)

Given a matrix A € RLY", k € N, find a partition C of {1,...,n}
into k clusters Ci,. .., Cx that minimizes costy, (C).

Theorem 6.12

The matrix diameter k-clustering problem is NP-hard. Moreover,
assuming P £ NP, there is no polynomial time approximation for
the diameter k-clustering with approximation factor o > 1
arbitrary.

ADERBORN
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Maximum distance k-clustering

Problem 6.13 (maximum distance k-clustering)

Given distance measure D : M x M — R, k € N, and P C M, find
a partition C = {Cy,..., Cx} of P into k clusters that maximizes

min D(x
X€Ciy€Cji#j b ).

i.e. a partition that maximizes the minimum distance between
points in different clusters.
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Maximum distance k-clustering

Problem 6.13 (maximum distance k-clustering)

Given distance measure D : M x M — R, k € N, and P C M, find
a partition C = {Cy,..., Cx} of P into k clusters that maximizes

Tﬂm“ml h

!

min D(x
X€Ciy€Cji#j b ).

i.e. a partition that maximizes the minimum distance between
points in different clusters.

Definition 6.14

For G;, G, M

Ds (G, G) = xegl]iyneq D(x,y)

ADERBORN

is called the single linkage cost of Cy, C,.



Agglomerative clustering with single linkage

AGGLOMERATIVESINGLELINKAGE(P)

Cn = {{pitlpi € P};

fori=n—-1,...,1do

find distinct cluster A, B € Ci+1 minimizing Ds; (A, B);
Ci = (Ci+1 \ {AB}) U{AUB};

end

return Cy,...,C, (or single Cx)
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Agglomerative clustering with single linkage

AGGLOMERATIVESINGLELINKAGE(P)

Cn = {{pitlpi € P};

fori=n—-1,...,1do

find distinct cluster A, B € Ci+1 minimizing Ds; (A, B);
Ci = (Ci+1 \ {AB}) U{AUB};

end

return Cy,...,C, (or single Cx)

Theorem 6.15

Algorithm AGGLOMERATIVESINGLELINKAGE optimally solves the
maximum distance k-clustering problem.

[L\ UNIVER!




diam, rad, and drad

m drad®(S) := mines maxees D(x, m) (discrete radius of S)
m cost?_,(C) := maxy<;<k drad®(C;) (discrete radius cost)

m find a partition C of P into k clusters Cy, ..., Cx that
minimizes cost?_,(C) or cost?,(C).

IL(‘ UNIVERSITAT PADERBORN
Die Univrstt der informationsgeselischoft

15/26



mllm]
L]
it

diam, rad, and drad 3

m drad®(S) := mines maxees D(x, m) (discrete radius of S)

m cost?_,(C) := maxy<;<k drad®(C;) (discrete radius cost)

m find a partition C of P into k clusters Cy, ..., Cx that
minimizes cost?_,(C) or cost?,(C).

...,Ck}a

Theorem 6.16
Let D: M x M — R be a metric, P C M and C = {(,

partition of P. Then
costdrad(C) < costdiam(C) < 2 - cOStgrad(C)
1 costgrad(C) < costrad(C) < costgrad(C)
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diam, rad, and drad

Corollary 6.17

Let D: M x M — R be a metric, k ¢ N, and PC M. Then
opt*(P) < opt™™(P) < 2 - opts*(P)
5 optf4(P) < opt??(P) < optf™(P)
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Corollary 6.17

Let D: M x M — R be a metric, k ¢ N, and PC M. Then
opt*(P) < opt™™(P) < 2 - opts*(P)
5 optf4(P) < opt??(P) < optf™(P)

Corollary 6.18

Assume there is a polynomial time c-approximation algorithm for
the discrete radius k-clustering problem. Then there is a
polynomial time 2c-approximation algorithm for the diameter

k-clustering problem.

pey
=

diam, rad, and drad




Clustering and Gonzales' algorithm

GONZALESALGORITHM(P, k)

C := {p} for p € P arbitrary;
fori=1,....k—1do

q = argmax,cpD(y, C);
C:=CU{qg}

end
compute partition C = {Cy, ..., Cx} corresponding to C;
return C and C
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Clustering and Gonzales' algorithm

GONZALESALGORITHM(P, k)

C := {p} for p € P arbitrary;
fori=1,....k—1do

q = argmax,cpD(y, C);
C:=CU{qg}

end
compute partition C = {Cy, ..., Cx} corresponding to C;
return C and C

Theorem 6.19

For any metric D, Algorithm GONZALESALGORITHM s a
2-approximation algorithm for the diameter, radius, and discrete
radius k-clustering problem.
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Proof of Theorem 6.19 (for diameter)

m C:={q,...,ck} set of points chosen by the algorithm
m chosen in order ¢y, ..., Ck
m G :={ca,...,c}, i.e. Gy set of first | points chosen by the

algorithm, C = Gg.
B i1 = argmax,epD(q, Gk), i-e. cxy1 is the point that would
be chosen by the algorithm in an additional iteration

Show that
VI < k—1:D(c4+1,Gi) > D(ck+1, Gk)
opt§®™(P) > D(ck+1, Gk)
costl, .(C) <2 D(ckt1, Gk)-

'L(‘ P




Proof of Theorem 6.19 (for diameter) S )|<
m 2 and 3 imply the theorem

m 1 is used to prove 2

Proof of 1

m Assume there is an index /,1 </ < k — 1, such that
D(C/+1, G/) < D(Ck+1, Gk).

m Then D(¢/41, Gr) < D(ck+1, Gk) < D(ck+1, Gy), since
G| C Gy.

m This contradicts the choice of ¢/;1 as argmax,¢,D(q, G)).

IL(‘ UNIVERSITAT PADERBORN
Die Univrstt der informationsgeselischoft

19/26



Proof of Theorem 6.19 (for diameter)

Proof of 2

m It suffice to prove that for any kclustering C of P we have
cost?, (C) > D(ck+1, Gk).

m For any k-clustering C of P there are two elements c;, ¢ of
C U {ckyt1} that belong to the same cluster. Assume without
loss of generality that i < j.

m Then cost?, (C) > D(cj, ci) > D(¢j, Gj—1) > D(cks1, Gr),
where the second inequality follows from ¢; € G;_; and the
last inequality follows from 1.

m This contradicts the choice of ¢/;1 as argmax,¢,D(q, G)).
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Proof of Theorem 6.19 (for diameter)

Proof of 3

m Let C; be a cluster in the clustering C computed by Gonzales’
algorithm and let u, v € (. It suffices to show that
D(U, V) < 2. D(Ck+1, Gk)
m Let ¢ be the element of C such that C; consists of all
elements that are closer to ¢; than to any other element in C.
m Then D(u, ¢/) = D(u, Gk) < D(ck+1, Gk), where the
inequality follows from the definition of cx41 as
argmax,e,D(q, Gk). Similarly, we get D(v, ¢;) < D(cky1, Gk).
m By the triangle inequality
D(u, v)\leD(u, C/) + D(V, C,') <2- D(Ck+1, Gk).




Agglomerative clustering and discrete radius clustering

m drad®(S) := mines maxees D(x, m) (discrete radius of S)
m cost? ,(C) := maxy<;<k drad®(C;) (discrete radius cost)

m find a partition C of P into k clusters Cq, ..., C that
minimizes cost?_,(C).
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Agglomerative clustering and discrete radius clustering

| Tﬂm“m

m drad®(S) := mines maxees D(x, m) (discrete radius of S)
m cost? ,(C) := maxy<;<k drad®(C;) (discrete radius cost)

m find a partition C of P into k clusters Cq, ..., C that
minimizes cost?_,(C).

Discrete radius measure

Ddrad(Cl, C2) = drad(C1 U Cg)
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Agglomerative clustering with dradius cost

AGGLOMERATIVEDISCRETERADIUS(P)

Cn = {{pi}|pi € P};

fori=n—1,...,1do

find distinct clusters A, B € Cj11 minimizing Dy.ad(A, B);
Ci = (Cit1 \{A B}) U{AUB};

end

return Cy,...,C, (or single Cx)
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Agglomerative clustering with dradius cost =

AGGLOMERATIVEDISCRETERADIUS(P)

Cn = {{pi}|pi € P};

fori=n—1,...,1do

find distinct clusters A, B € Cj11 minimizing Dy.ad(A, B);
Ci = (Cit1 \{A B}) U{AUB};

end

return Cy,...,C, (or single Cx)

Theorem 6.20

Let D be a distance metric on M C RY. Then for all sets P C M
and all k < |P|, Algorithm AGGLOMERATIVEDISCRETERADIUS
computes a k-clustering Cy with

COStzrad(Ck) < O(d) - opty,. R




Hierarchical clusterings and dendrograms

Hierarchical clustering Given distance measure
D:MxM—=R keN, and P C M, |P| = n, a sequence of
clusterings C, ...,Cy with |Cx| = k is called hierarchical clustering
of P if for all A € Cy

A€ Cyyq or

AB,C €Cyt1: A=BUC and Cx=Cii1\{B,C}U{A}.
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Hierarchical clusterings and dendrograms

Hierarchical clustering Given distance measure

D:MxM—=R keN, and P C M, |P| = n, a sequence of
clusterings C, ...,Cy with |Cx| = k is called hierarchical clustering
of P if for all A € Cy

A€ Cyyq or
AB,C €Cyt1: A=BUC and Cx=Cii1\{B,C}U{A}.

Dendrograms A dendrogram on n nodes is a rooted binary tree
T = (V, E) with an index function
X : V\ {leaves of T} — {1,...,n} such that
m Vv # w:x(v) # x(w)
m x(root) =n
m Vu,v: if v parent of u, then x(v) > x(u). P J—
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From hierarchical clusterings to dendrograms

Cp, - -.,Cy hierarchical clustering of P.

Construction of dendrogram
m create leaf for each point p € P
m interior nodes correspond to union of clusters

m if k-th cluster is obtained by union of clusters B, C, create
new node with index k and with children B, C.
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Dendrograms

AGGLOMERATIVECOMPLETELINKAGE
m Start with one cluster for each input object.

m lteratively merge the two closest clusters.

V.

Complete linkage measure

Dci(Cr, &) = max D(x,y)
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