Clustering for Metric and Non-Metric Distance Measures∗
Marcel R. Ackermann†

Johannes Blömer†
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Abstract
We study a generalization of the k-median problem
with respect to an arbitrary dissimilarity measure D.
Given a finite set P , our goal is to find a set C
of
 that the sum of errors D(P, C) =
P size k such
min
D(p, c) is minimized. The main result
c∈C
p∈P
in this paper can be stated as follows: There exists
k O(1) 
time (1 + )-approximation algorithm
an O n2(  )
for the k-median problem with respect to D, if the 1median problem can be approximated within a factor of
(1 + ) by taking a random sample of constant size and
solving the 1-median problem on the sample exactly.
Using this characterization, we obtain the first linear
time (1 + )-approximation algorithms for the k-median
problem in an arbitrary metric space with bounded
doubling dimension, for the Kullback-Leibler divergence
(relative entropy), for Mahalanobis distances, and for
some special cases of Bregman divergences. Moreover,
we obtain previously known results for the Euclidean
k-median problem and the Euclidean k-means problem
in a simplified manner. Our results are based on a new
analysis of an algorithm from [20].
1 Introduction
Clustering is the (meta-)problem of partitioning a given
set of objects into subsets of similar objects. It has
application in various areas of computer science such
as machine learning, data compression, data mining,
or pattern recognition. Depending on the application
we want to cluster such diverse objects as text documents, probability distributions, feature vectors, etc.
Obviously, different objects and different applications
also require different notions of (dis-)similarity of objects. As a consequence, there are numerous different
formulations of clustering. In theoretical computer science many approximation algorithms have been developed for variants of clustering, where the points come
from a metric space. However, for non-metric dissimilarity measures almost no approximation algorithms are
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known.
This stands in sharp contrast to the fact that we
have non-metric dissimilarity measures in many applications. Text documents are often clustered using the
cosine-similarity measure on TFIDF vectors (term frequency inverse document frequency), in bioinformatics
Pearson correlation is used frequently, and in statistics Bregman divergences are to be minimized, e.g. the
Kullback-Leibler divergence (relative entropy).
In fact, our work started with an industrial project
on lossless compression of Java and C++ executable
code. For lossless compression achieving a significant
compression ratio we had to use statistical models of the
executable code based on a large number of probability
distributions. The space required to store these distributions threatened to outweigh any savings achieved by
compressing the executable code. To solve this problem,
rather than storing all distributions of our statistical
models we tried to identify a good set of representatives
for these distributions. Replacing one distribution in a
statistical model by some representative incurs a certain loss in compression that is well approximated by
the Kullback-Leibler divergence between the two distributions. Hence computing a set of representatives for
distributions in a statistical model for executable code
compression immediately leads to a clustering problem
involving the Kullback-Leibler divergence.
In this paper we do a first step towards understanding clustering problems with non-metric dissimilarity
measures, like Kullback-Leibler divergence. We consider
a problem that is relatively well understood in the case
of Euclidean and metric distances: k-median clustering.
In k-median clustering we have a representative (sometimes called prototype) for each cluster. In the geometric version of the problem this is the cluster center. We
are interested in minimizing the sum of error of the clustering, i.e. the error that is made by representing each
input object by its corresponding representative. Since
we allow non-metric dissimilarity measures, this version
of k-median also captures other variants like the wellknown Euclidean k-means clustering, where the goal is
to minimize the sum of squared errors (with respect to
Euclidean distance).

1.1 Related work. There has been a rich research
on clustering during the recent decades. For an overview
see [16], [30] or [25].
It is known that in arbitrary metric spaces the
k-median clustering problem is N P-hard.
It is
even N P-hard to approximate within a factor of
1.73 (see [17]).
Several constant factor polynomial time approximation algorithms are known. The
fastest known algorithm is due to Mettu and Plaxton [26].
In the case of the d-dimensional Euclidean space, Kolliopoulus and Rao [18] stated
a (1 + )-approximation algorithm with running time

1
1 d−1
O ρ,d n log k log n where ρ,d = 2O(1+  log  ) ) . This

was improved to O n + ρ,d k O(1) logO(1) n by HarPeled and Mazumdar [13] by using coresets. Badiou et al. [1] proposed an algorithm with running
k O(1) 
time O dO(1) n logO(k) n2(  )
.
Considering the Euclidean k-means problem, the
fastest known algorithm solving the problem exactly in time O(ndk+1 ) was given by Inaba et al.
[14]. A widely used heuristic for the k-means problem is Lloyd’s algorithm [22].
Matousek [24]
provided a deterministic (1 + )-approximation algo2
rithm with running time O n logk n ( 1 )2dk . HarPeled and Mazumdar [13] improved the
 running
time to O n + ( 1 )2d+1 k k+2 logk+1 n logk 1 . For the
high dimensional case, Fernandez de la Vega et
al. [11] achieved a (1 + )-approximation in time
k O(1) 
O dO(1) n logO(k) n2(  )
. Recently, Feldman et
al [10] provided a PTAS with running time O ndk +
k 
d( k )O(1) + 2Õ(  ) .
Of the recent work, the following approach is
of particular interest to our work. Kumar et al.
k O(1) 
[20] proposed a simple O dn2(  )
-time (1 + )approximation algorithm for the Euclidean k-means
problem. This approach was later generalized to certain
Euclidean clustering problems such as the Euclidean kmedian problem (see [21]). Chen [7] combined the algorithm from [20] with a new coreset construction and
k O(1) 
improved the running time to O ndk+d2 nσ 2(  )
for
arbritrary σ > 0.
Methods for k-median clustering by KullbackLeibler divergence were first suggested by Pereira et
al. [27]. Baker and McCallum [3] proposed a simple agglomerative greedy strategy which turns out to
perform surprisingly well in empirical tests. Independently, Slonin and Tishby [28] stated a similar algorithm. Dhillon et al. [9] proposed a local improvement heuristic for clustering by Kullback-Leibler divergence which is an adaptation of Lloyd’s k-means algorithm. Banerjee et al. [4] generalized this approach
to the class of all Bregman divergences. All these recent

strategies have in common that they lack any provable
approximation ratio and rely on empirical evaluation.
1.2 The generalized k-median problem. In this
section we introduce our formulation of the k-median
problem, which captures a number of well-known clustering problems. We are given an arbitrary ground set
∆ of possible objects. On this ground set a dissimilarity measure D : ∆ × ∆ → R+ is defined, that specifies
the dissimilarity between two objects from the ground
set. We make no assumption on the dissimilarity measure other than D(x, y) = 0 if and only ifPx = y. For
P ⊆ ∆ and c ∈ ∆ we also use D(P, c) = p∈P D(p, c)
for simplicity of notation.
The k-median problem is defined as follows. We are
given a finite set P ⊆ ∆ of objects from the ground set.
Our goal is to find a set C ⊆ ∆ of size k such that the
sum of errors
X

D(P, C) =
min D(p, c)
p∈P

c∈C

is minimized. We denote the cost of such an optimal
solution by optk (P ). The elements of C are called kmedians of P .
1.3 Our results. The main result in this paper can
be roughly stated as follows: Every dissimilarity measure has a linear time (1 + )-approximation algorithm
for the k-median problem, if the 1-median problem can
be approximated within a factor of (1 + ) by taking
a random sample of constant size and solving the 1median problem on the sample exactly. Later, we apply this result to obtain a number of new clustering algorithms for metric and non-metric distance measures.
Stated in detail, the result is as follows.
Theorem 1.1. Given k ∈ N and  < 1. Assume that
for δ < 1 and γ = 3 dissimilarity measure D satisfies:
a) For every finite subset S ⊆ ∆ an optimal 1-median
Γ(S) ∈ ∆, i.e. D S, Γ(S) = opt1 (S), can be
computed in time depending only on |S|.
b) There exists a constant mγ,δ ∈ N such that for
every subset P ⊆ ∆ of size n and for every uniform
sample multiset S ⊆ P of size mγ,δ an optimal 1median Γ(S) ∈ ∆ satisfies



Pr D P, Γ(S) ≤ (1 + γ) opt1 (P ) ≥ 1 − δ.
Then there exists an algorithm that with constant probability returns a (1 + )-approximation of the k-median
problem with respect to D for input instance P of size n
k O(1) 
in time O n2(  )
.

We call conditions (a) and (b) the [γ, δ]-sampling
property. Property (a) captures mainly the fact that the
problem is well-posed, i.e. a k-median is computable,
etc. Property (b) requires that a solution for a constant
size uniform sample is a (1 + )-approximation for the
1-median problem. However, for some dissimilarity
measures like the `2 -norm on Rd , property (a) is not
satisfied, because one cannot compute an exact solution
to the Euclidean 1-median problem. To deal with
these problems we generalize our property in Section 4.
Even under this weaker restriction we obtain a (1 + )approximation algorithm of the k-median problem.

distances, etc. we show that the 1-median of a constant
sized uniform sample set S ⊆ P is an approximate 1median of P . These sampling results are the second
main contribution of this paper.
1.6 Organization. In Section 2 we present and analyze a (1 + )-approximation algorithm for the k-median
problem with respect to D satisfying the [γ, δ]-sampling
property. In Section 3 we give several examples of dissimilarity measures satisfying this property. We discuss
a generalization of the [γ, δ]-sampling property in Section 4.

1.4 New clustering algorithms. Using our main 2 Algorithm for [γ, δ]-sampleable dissimilarity
result, we obtain the first linear time (1 + )measures
approximation algorithms for the following problems:
In this section we describe and analyze our main algo• k-median in an arbitrary metric space (X, D) with rithm.
bounded doubling dimension that satisfies condi2.1 Superset sampling. The algorithm uses the sution (a).
perset sampling technique due to [20]. The technique is
• k-median of probability distributions with respect an immediate consequence of probabilistic concentrato the Kullback-Leibler divergence (relative en- tion bounds. In the sequel, mγ,δ and Γ are as described
tropy), under the assumption that for all distribu- in Theorem 1.1.
tions every element has at least some (small constant) probability. This is the first approximation Lemma 2.1. (superset sampling technique) Let
algorithm for k-median under the Kullback-Leibler D satisfy the [γ, δ]-sampling property. Let be P ⊆ ∆ of
divergence that provides any non-trivial approxi- size n and P 0 ⊆ P with |P 0 | ≥ αn. Let be S ⊆ P an
mation ratio.
uniform sample multiset of size at least α2 mγ,δ . With
at least 1−δ
there exists a subset S 0 ⊆ S
• k-median in Rd with respect to Mahalanobis dis- probability
5
0
0
tances and some special cases of Bregman diver- with |S | = mγ,δ and optimal 1-median Γ(S ) satisfying

gences that can be reduced to a Mahalanobis disD P 0 , Γ(S 0 ) ≤ (1 + γ) opt1 (P 0 ) .
tance.
1.5 Our techniques. To obtain our main result we
describe a generalized and improved analysis of algorithm Irred-k-means from [20]. This algorithm has
already been generalized to other clustering problems.
In [21], sufficient conditions for dissimilarity measures in
the Rd that allow for the application of the algorithm
from [20] have been given. However, symmetry or the
triangle inequality are always assumed. Our generalization does not require these assumptions. Therefore,
we can obtain results for non-metric dissimilarity measures like the Kullback-Leibler divergence, which does
not seem to be possible using previous results.
Our new approach does not only generalize to nonmetric dissimilarity measures, it can also be used to
obtain the results for the Euclidean k-median and the
Euclidean k-means problem from [20, 21]. Moreover,
these results can be obtained by a significantly simplified analysis.
To obtain our results for specific dissimilarity measures like the Kullback-Leibler divergence, Mahalanobis

For
set S ⊆ P of size α2 mγ,δ we set
 a 0 sample
0
T = Γ(S ) | S ⊂ S, |S 0 | = mγ,δ . As an immediate
consequence of the lemma, for any fixed subset P 0 ⊆ P
with |P 0 | ≥ α|P | with constant probability T contains
an approximate 1-median of P 0 . We call the elements
of T candidates for approximate medians.
2.2 The algorithm. First, we explain an idealized
version of algorithm Irred-k-means for the case of
k = 2. Let P1 and P2 , denote the clusters of an optimal
2-median clustering of input set P with |P1 | ≥ α|P |.
Here α < 14 is a parameter to be specified later. Our
strategy can be stated as follows.
1. Use the superset sampling technique to obtain c̃1
from P with D(P1 , c̃1 ) ≤ (1 + γ) opt1 (P1 ).
2. Let N be the smallest subset of the closest points
from P towards c̃1 such that for the remaining
points R = P \ N holds |P2 ∩ R| ≥ α|R|. Assign N
to c̃1 .

Cluster(R, l, C̃):
R set of remaining input points
l number of medians yet to be found
4. Assign all remaining points to their closest apC̃ set of medians already found
proximate median and return {c̃1 , c̃2 } as (1 + γ)1: if l = 0 then return C̃
approximate solution.
2: else
This idealized strategy faces two problems. First,
3:
if l ≥ |R| then return C̃ ∪ R
using the superset sampling technique we do not get
4:
else
a single approximate median c̃1 . Instead we get set
5:
/* sampling phase */
T of candidates for approximate medians. To solve
6:
sample
S of size α2 mγ,δ from R
 a multiset
0
0
this problem we simply try all possible candidates as
7:
T ← Γ(S ) | S ⊂ S, |S 0 | = mγ,δ
approximate median c̃1 and choose the candidate which
8:
for all c̃ ∈ T do
leads to minimal cost. Note that for constant α and
9:
C (c̃) ← Cluster(R, l − 1, C̃ ∪ {c̃})
2
mγ,δ
α
mγ,δ the candidate set is also of constant size 2
. 10:
end for
The same procedure is used for obtaining c̃2 in step 3. 11:
/* pruning
phase */

Second, it is obvious that we do not know the 12:
N ← 21 |R| minimal p ∈ R w.r.t. D(p, C̃)
optimal clusters P1 and P2 . Thus, we do not know 13:
C ∗ ← Cluster(R \ N, l, C̃)
how to choose N from step 2 explicitly. To cope with 14:
return C (c̃) or C ∗ with minimum cost
this problem we approximate N by partitioning P into 15:
end if
subsets N (1) , N (2) , . . . , N (dlog ne) . Here, N (1) denotes 16: end if
the n2 closest points towards c̃1 , N (2) the next n4 closest
points, N (3) the next n8 closest points, and so on. Let Figure 1: Clustering algorithm for arbitrary k and fixed
Sj
positive real constants α, γ, δ
be R(j) = P \ i=1 N (i) and let ν be the minimal value
such that |P2 ∩ R(ν) | ≥ α|R(ν) |. Instead of N we will
assign the points from N (1) , N (2) , . . . , N (ν) to c̃1 .
To achieve their goal, the analysis in [20] relies
We still do not know the value ν. However, we can
guess ν by trying all possible values and choosing the heavily on the symmetry and the triangle inequality
for the Euclidean distance. Furthermore, the notion of
value that leads to minimal cost.
Algorithm Cluster in Figure 1 gives a precise re- irreducibility is fundamental for the analysis of [20].
On the other hand, in the analyis given below we
cursive definition of the aforementioned strategy for arbitrary k. The algorithm alternates between two differ- explicitly allow that also points from P2 are assigned
ent types of phases: A sampling phase and a pruning to c̃1 . We use the parameter α in algorithm Cluster
phase. In the sampling phase new candidates for ap- to control the number of points that are incorrectly asproximate medians are computed (according to Lemma signed. By choosing α small enough and the sample size
2.1) and tried in a recursive manner. In the pruning large enough we are able to bound the approximation
phase new values for ν are tried: The next 21 |R| clos- factor by 1 + . This approach is purely combinatorial
est points to already computed approximate medians and, hence, requires only minimal assumptions on the
are assigned and discarded from future consideration. dissimilarity meassure. In particular, symmetry, trianHence, the algorithm computes a set of possible so- gle inequality, and the notion of irreducible clusterings
lutions to the k-median problem for all candidates of are no longer needed.
Note that in [21] the methods from [20] have been
c̃i and all values of ν. In the final step the algorithm
applied in a more general setting. However, the results
chooses the best solution found this way.
in [21] come not close to our main result as stated in
2.3 Comparison of our contribution and [20]. Theorem 1.1.
Algorithm Cluster is identical to algorithm Irredk-means from [20]. However, our interpretation and 2.4 Analysis for k = 2. To simplify notation, first
we analyze algorithm Cluster for the case of k = 2.
analysis of the algorithm differ significantly from [20].
As above, we cosider the case k = 2 and denote by In the sequel, let D satisfy the [γ, δ]-sampling property.
P1 and P2 the optimal clusters. Given an approximate
median c̃1 of cluster P1 , the goal of the analysis in [20]
is to show that in the pruning phase only points from Theorem 2.1. Let α < 14 be an arbitrary positive conP1 will be assigned to c̃1 . In our analysis, the goal is to stant. The algorithm Cluster started with parameters
show that most points assigned to c̃1 come from P1 .
(P, 2, ∅) computes a solution C̃ of the 2-median problem
3. Use superset sampling technique again to obtain c̃2
from R with D(P2 ∩ R, c̃2 ) ≤ (1 + γ) opt1 (P2 ∩ R).

for input instance P of size n satisfying

and hence |P2 ∩ R(j) | < α|R(j) | for all j < ν. We obtain

i  1 − δ 2
,
Pr D(P, C̃) ≤ (1 + 8α)(1 + γ) opt2 (P ) ≥
5


O(1)
2
using O n2( α mγ,δ )
arithmetic operations.

(2.1) ∀j ≤ ν :

h

Proof of Theorem 2.1. Assume for simplicity of notation
that n is a power of 2. Further, let P1 and P2
denote the partition of P of the optimal 2-clustering
with the optimal set of medians C = {c1 , c2 }, i.e.
D(P, C) = optk (P ) and D(Pi , ci ) = opt1 (Pi ). Assume
|P1 | ≥ 12 |P | > α|P |.
Denote by T1 the candidate set from step 7 during
the initial call of the algorithm. By Lemma 2.1 with
probability at least 1−δ
set T1 contains a c̃1 with
5
D(P1 , c̃1 ) ≤ (1 + γ) D(P1 , c1 ).
We consider two cases. First, we assume there exists
a recursive call with parameters R, 1, {c̃1 } such that
|P2 ∩ R| ≥ α|R|. Later we consider the case when there
is no such recursive call.
So let us assume there exists a recursive call with
|P2 ∩ R| ≥ α|R|. Let R be the largest input set with
that property. Let T2 be the candidate set from step
7 of this call. Again by Lemma 2.1 with probability
1−δ
set T2 contains a c̃2 satisfying D(P2 ∩ R, c̃2 ) ≤
5
(1 + γ) D(P2 ∩ R, c02 ). Here c02 is the optimal 1-median
of P2 ∩ R, i.e. D(P2 ∩ R, c02 ) = opt1 (P2 ∩ R). Thus,
C̃ = {c̃1 , c̃2 } yields an upper bound D(P, C̃) on the cost
of the solution returned by algorithm Cluster.
Define N = P \ R. Using
D(P, C̃) ≤ D(P1 , c̃1 ) + D(P2 ∩ N, c̃1 ) + D(P2 \ N, c̃2 )
we bound each term individually. Using Claim 2.1 and
2.2 we conclude
D(P, C̃) ≤ (1 + 8α) D(P1 , c̃1 ) + D(P2 \ N, c̃2 )

|P2 ∩ N (j) | ≤ |P2 ∩ R(j−1) | < α|R(j−1) | = 2α

where the first inequality holds since N (j) ⊆ R(j−1) . We
also get
(2.2) ∀j ≤ ν :
|P1 ∩ N (j) | = |N (j) | − |P2 ∩ N (j) | ≥ (1 − 2α)

Claim 2.1. D(P2 ∩ N, c̃1 ) ≤ 8αD(P1 , c̃1 ).
Proof. Assume N 6= ∅, otherwise the claim is trivially true. Hence, N is the disjoint union of ν different subsets N (j) of size 2nj which correspond to the
neighborhoods removed in step 12 of the algorithm,
i.e. N = N (1) ∪ N (2) ∪ . . . ∪ N (ν) . We show that
for each j the set N (j) contains a large number of
points from P1 and only few points from P2 . Define
R(0) = P and R(j) = R(j−1) \ N (j) . By definition
|R(j) | = |N (j) | = 2nj . Note that the R(j) have been input sets of recursive calls prior to the call on R = R(ν) ,

n
.
2j

By definition of N (j) we know that for all j < ν
and for p ∈ N (j) and p0 ∈ N (j+1) we have D(p, c̃1 ) ≤
D(p0 , c̃1 ). Using (2.1) and (2.2) we get
(2.3) ∀j < ν :
D(P2 ∩ N (j) , c̃1 ) ≤

4α
D(P1 ∩ N (j+1) , c̃1 ).
1 − 2α

We still need an upper bound on D(P2 ∩ N (ν) , c̃1 ).
Considering P1 ∩ R(ν) we obtain
(2.4) |P1 ∩ R(ν) | = |R(ν) | − |P2 ∩ R(ν) |
≥ |R(ν) | − |P2 ∩ R(ν−1) | > (1 − 2α)

n
.
2ν

By definition of N (ν) and R(ν) we also know that for all
p ∈ N (ν) and p0 ∈ R(ν) we have D(p, c̃1 ) ≤ D(p0 , c̃1 ).
Analogously to (2.3), combining (2.1) and (2.4) we
conclude
(2.5)

D(P2 ∩ N (ν) , c̃1 ) ≤

2α
D(P1 ∩ R(ν) , c̃1 ).
1 − 2α

Using (2.3) and (2.5) we obtain
D(P2 ∩ N, c̃1 ) =

ν
X

D(P2 ∩ N (j) , c̃1 )

j=1

≤ (1 + 8α)(1 + γ) D(P1 , c1 ) + (1 + γ) D(P2 \ N, c2 )
≤ (1 + 8α)(1 + γ) opt2 (P ) .

n
2j

≤ 8α

ν−1
X

D(P1 ∩ N (j+1) , c̃1 ) + 8α D(P1 ∩ R(ν) , c̃1 )

j=1

≤ 8α D(P1 , c̃1 )
since

2α
1−2α

≤

4α
1−2α

≤ 8α for α ≤ 14 .



Claim 2.2. D(P2 \ N, c̃2 ) ≤ (1 + γ)D(P2 \ N, c2 ).
Proof. By choice of c̃2 , for the optimal 1-median c02 of
P2 \ N we get D(P2 \ N, c̃2 ) ≤ (1 + γ) D(P2 \ N, c02 ). Due
to the optimality of c02 the claim follows.

Proof of Theorem 2.1 (continued). Finally, we consider
the case when there has not been a recursive call on an

input set R with |P2 ∩ R| ≥ α|R|. In this case there is
a sequence of recursive calls consecutively using step 13
ν = dlog ne times. We end up with a single point q ∈ R.
This q can be given its own cluster with median c̃2 = q.
This is not contributing any cost to D(P, {c̃1 , c̃2 }). The
Slog n
cost of D(P2 ∩ N, c̃1 ) with N = j=1 N (j) is still
bounded as given above. This concludes the proof.
The running time analysis of [20] can easily be
adopted to algorithm Cluster. This shows that the
running time of the algorithm is linear in n.


Sν
of subsets of Y is called a β-cover iff Y = i=1 Yi
and diam(Yi ) ≤ β. The covering number C(Y, β)
is the smallest cardinality of a β-cover of Y ,
i.e.
Sν C(Y, β) = min{ν | ∃Y1 , Y2 , . . . , Yν ⊆ Y, Y =
i=1 Yi , diam(Yi ) ≤ β}. The following definition is
taken from [12].
Definition 3.1. (doubling dimension) For Y ⊆ X
Then the doulet be λ(Y ) = C(Y, 12 diam(Y )).
bling dimension of (X, D) is defined as ddim(X) =
supY ⊆X log2 λ(Y ) .

2.5 Analysis for k > 2. We can generalize the
In the sequel, let c be the optimal 1-median of
analysis of algorithm Cluster to the case of k > 2,
leading to the following theorem for D satisfying the input instance P ⊆ X of size n, i.e. D(P, c) =
opt1 (P ). We need the following lemma which is an
[γ, δ]-sampling property.
immediate consequence of Markov’s inequality and the
1
be an arbitrary positive con- union bound.
Theorem 2.2. Let α < 4k
stant. The algorithm Cluster started with parameters
(P, k, ∅) computes a solution C̃ of the k-median problem Lemma 3.1. Let δ > 0. A random sample multiset
for input instance P of size n such that
S ⊆ P of size m satisfies
h
i  1 − δ k


1
Pr D(P, C̃) ≤ (1 + 8αk 2 )(1 + γ) optk (P ) ≥
,
Pr ∃q ∈ S : D(q, c) ≥
D(P, c) ≤ mδ .
5
δn


O(1)
k
using O n2( α mγ,δ )
arithmetic operations.
We also need the following result which is a small
This theorem can be proven analogously to the
proof of Theorem 2.1. Generally speaking, during execution of the algorithm we consider the two superclusters P10 and P20 , with P10 consisting of the clusters whose medians have already been approximated by
C̃i = {c̃1 , c̃2 , . . . , c̃i } and P20 consisting of the clusters
whose medians have yet to be found. Again, it can
be shown that by removing a neighborhood Ni0 in step
12 only a small fraction of points from P20 are removed
which leads to D(P20 ∩ Ni0 , C̃i ) ≤ 8αk D(P10 , C̃i ). Summation over all C̃i leads to the given bound. We omit
the details here for the sake of brevity.
Our main result, Theorem 1.1, is an immediate
consequence of Theorem 2.2 by choosing parameters


α = 16k
2 and γ = 3 . By running the algorithm multiple
times the success probability can be amplified as close
to 1 as desired without changing the asymptotic running
time.
3

Sampling for large classes of dissimilarity
measures
We now show how to apply Theorem 1.1 to various
dissimilarity measures.

modification of a result from [15] (see also [29]).
Lemma 3.2. Let γ ≤ 1 and b ∈ X be an arbitrary
point with D(P, b) > (1 + 54 γ) D(P, c). A random sample
multiset S ⊆ P of size m satisfies
 2 
h
i
γ m
γm
D(P, c) < exp −
Pr D(S, c) ≥ D(S, b) −
.
5n
144
Proof. This proof is a small modification of the proof
of Theorem 34 presented in [29]. For a random sample
multiset S ⊆ P we consider the random variable
X=

By the triangle inequality we have D(S, b) + m D(b, c) ≥
D(S, c) and D(S, b) − D(S, c) ≤ m D(b, c). Thus, 0 ≤
X ≤ m. We are interested in the probability of the
event X ≤ 12 m. This case is equivalent to D(S, c) ≥
D(S, b) − γm
5n D(P, c). We use Chernoff bounds to show
that this happens only with small probability.
First, we get
E[X] =

3.1 Sampling for arbitrary metrics with
bounded doubling dimension. Let (X, D) be a
metric space and let diam(Y ) = maxx,y∈Y D(x, y) be
the diameter of Y ⊆ X. A collection {Y1 , Y2 , . . . , Yν }

D(S, b) − D(S, c) + m D(b, c)

γ
2 D(b, c) + 5n
D(P, c)

m D(P, b) − D(P, c) + n D(b, c)

·
.
γ
n
2 D(b, c) + 5n
D(P, c)

By choice of b, we have D(P, b) − D(P, c) > 4γ
5 D(P, c)
4γ
/(1
+
)
D(P,
b).
Thus, we
and D(P, b) − D(P, c) > 4γ
5
5

By ddim(X) ≤ B we know that every Y ⊆ X has
a 12 diam(Y )-cover of cardinality at most 2B . Applying
D(P, b) − D(P, c)
this recursively, we obtain that U has an 2rj -cover of
jB
any j ∈ N. Thus, for j =
3 − 4γ
1 + 4γ
cardinality
 at most 2 for
5
5
γ
30m
=
(D(P, b) − D(P, c)) +
(D(P, b) − D(P, c)) log
we
obtain
a
D(P,
c)-cover of cardinality
δγ
5n
4
4
B
60m
4γ γ
γ
l ≤ δγ
. Let {U1 , U2 , . . . , Ul } be such a cover and
> (3 −
) D(P, c) + D(P, b)
5 5
5
let N = {x1 , x2 , . . . , xl } be an arbitrary set of points

4γ γ
γ
with
xi ∈ Ui .
= (2 −
) D(P, c) + D(P, c) + D(P, b)
5 5
5
Define Nb = {x ∈ N | D(P, x) > (1 + 4γ
5 ) D(P, c)}.
4γ γ
γ
We
apply
Lemma
3.2
to
N
.
By
the
union
bound,
b
≥ (2 −
) D(P, c) + n D(b, c)
5 5
5
for each δ there exists a constant λδ such that for

γ
γ
γ
m ≥ λδ B γ12 log γ1 we have
= (2 − γ) D(P, c) + n D(b, c) + D(P, c)
5
5
5

h
i
γ
γ
γ
γm
≥ D(P, c) + n D(b, c) + D(P, c) .
Pr ∃x ∈ Nb : D(S, c) ≥ D(S, x) −
D(P, c)
5
5
5
5n 2 
 60m B
γ m
δ
Here, the second inequality follows because of the
· exp −
< .
<
δγ
144
2
triangle inequality. The last inequality is due to 2 − γ ≥
1 for γ ≤ 1. Hence,
So, again with probability 1 − 2δ , for all x ∈ Nb we have

D(S, x) > D(S, c) + γm
1
5n D(P, c).
2
n D(P, b) − D(P, c) + n D(b, c)
Now
consider
an
optimal 1-median cS of S. Let q
E[X] =
γ
m
D(b, c) + 5n
D(P, c)
be
the
closest
point
in
N to cS . Since cS ∈ U we have

γ
γ
D(q, cS ) ≤ 5n
D(P, c). Furthermore, by the triangle
(1 + γ5 ) D(b, c) + 5n
D(P, c)
γ
≥
≥1+ .
inequality for all x ∈ Nb we have
D(b, c) + γ D(P, c)
5

get

5n

So we have 12 m ≤ (1 − µ) E[X] for µ = γ5 /(1 + γ5 ) ≥ γ6 .
Using Chernoff bounds we get


i
h
1
γ
Pr X ≤ m ≤ Pr X ≤ 1 −
E[X]
2
6
 2

 2 
γ
γ m
.
< exp − E[X] < exp −
72
144
For a random sample multiset S we denote its
optimal 1-median by cS = arg minx∈X D(S, x). We
obtain the following result for metrics with bounded
doubling dimension.

γm
D(P, c)
5n
γm
D(P, c) < D(S, x).
≤ D(S, c) +
5n

D(S, q) ≤ D(S, cS ) +

Hence, q 6∈ Nb and D(P, q) ≤ (1 +
triangle inequality we conclude

4γ
5 ) D(P, c).

By the

D(P, cS ) ≤ D(P, q) + n D(q, cS ) ≤ (1 + γ) D(P, c) .
This event happens with probability at least (1 − 2δ )2 >
1 − δ.


Corollary 3.1. An arbitrary metric space (X, D)
with ddim(X) ≤ B satisfies the [γ, δ]-sampling property with mγ,δ = λδ B γ12 log γ1 , provided that we
Lemma 3.1. Let (X, D) be a metric space with
have access to an algorithm that computes Γ(S) =
ddim(X) ≤ B. For δ > 0 exists a constant λδ such
arg minx∈X D(S, x) in time depending only on |S|.
that every random sample multiset S ⊂ P of size
1
1
m ≥ λδ B γ 2 log γ satisfies
3.2 Sampling for Mahalanobis distances. For
any positive definite matrix A ∈ Rd×d we define the
Pr [D(P, cS ) ≤ (1 + γ) D(P, c)] ≥ 1 − δ .
Mahalanobis distance (see [23]) with respect to A for
d
6m
Proof. Consider a ball U with radius r =
D(P, c) x, y ∈ R as
δn

and center c. By Lemma 3.1 with probability 1 − 2δ all
sample points lie within ball U 0 with radius r0 = 13 r and
center c. Now consider an arbitrary q ∈ X \U . If S ⊆ U 0
we get D(S, q) ≥ 2r0 m. However, D(S, c) ≤ r0 m. Thus,
we can conclude that cS ∈ U with probability 1 − 2δ .
Therefore, from now on we will only consider solutions
contained in U .

DA (x, y) = (x − y)> · A · (x − y) .
Note that with A = Id we get that the square of the
`2 -norm on Rd is a Mahalanobis distance.
In the sequel, for any set
PP we denote by cP the
centroid of P , i.e. cP = |P1 | x∈P x. It is known that
cP is the unique optimal 1-median of P (see [4]).

Lemma 3.3. A random sample multiset S ⊆ P of size
We can apply this result to the Kullback-Leibler
1
m ≥ γδ
satisfies
divergence. For any p, q ∈ Rd+ the natural1 generalized
Kullback-Leibler divergence (see [19, 8]) is defined by
Pr [DA (P, cS ) ≤ (1 + γ) DA (P, cP )] ≥ 1 − δ .
d
d
X
pi X
The proof of this lemma is a straightforward generaliza(pi − qi ) .
DKL (p, q) =
pi ln −
qi i=1
tion of the proof of Lemma 1 from [14].
i=1
Corollary 3.2. DA on Rd satisfies the [γ, δ]-sampling
1
property with mγ,δ = γδ
and Γ(S) = cS .

Lemma 3.5. Let be ν > λ > 0 and define A =
For all p, q ∈ [λ, ν]d we get

1
2λ Id .

3.3 Sampling for Bregman divergences. For any
λ
DA (p, q) ≤ DKL (p, q) ≤ DA (p, q) .
strictly convex, differentiable function φ : ∆ ⊆ Rd → R
ν
we define the Bregman divergence (see [5, 6]) with
Proof. WePconsider the strictly convex, C 2 -function
respect to φ for x, y ∈ ∆ as
d
φKL (t) = i=0 ti ln ti − ti , i.e. all second-order partial
>
Dφ (x, y) = φ(x) − φ(y) − ∇φ(y) (x − y) .
derivatives exist and are continuous. The KullbackHere ∇φ(y) denotes the gradient of φ at point y. Leibler divergence is the tail of the first-order Taylor
Dφ (x, y) can be seen as the tail of the first-order Taylor expansion of φKL (p) at q. Therefore, by the Lagrange
expansion of φ(x) at y. Bregman divergences include form of the remainder term, there exists an ξ with
many prominent dissimilarity measures like the square ξi ∈ [pi , qi ] such that
of the `2 -norm (with φ`22 (t) = ktk22 ), the Mahalanobis
distances (φA (t) = P
t> At) and the Kullback-Leibler
divergence (φKL (t) = ti ln ti ).
We make use of the following fact from [4].
Proposition 3.1. All Bregman divergences Dφ with
P ⊆ ∆ of size n and q ∈ ∆ satisfy

d

DKL (p, q) =
2

d

1 X X ∂2
φKL (ξ)(pi − qi )(pj − qj ) .
2 i=1 j=1 ∂ti ∂tj

∂
Since ∂t
2 φ(t) =
i
obtain

1
ti

and


Dφ (P, q) = Dφ (P, cP ) + n Dφ (cP , q).
DKL (p, q) =


1

(p − q)> 
2


∂2
∂ti ∂tj φ(t)
1
ξ1

= 0 for i 6= j we


1
ξ2



 (p − q) .


As a consequence, we obtain that for all Bregman
..
.
divergences the centroid cP is the optimal 1-median
1
ξd
of P . In certain cases, we can obtain the [γ, δ]sampling property of Bregman divergences using the
Using ν1 ≤ ξ1i ≤ λ1 the lemma follows.

[γ, δ]-sampling property of a Mahalanobis distance, as
is stated in the following lemma.
Corollary 3.3. DKL on [λ, ν]d satisfies the [γ, δ]ν
d×d sampling property with m
Lemma 3.4. If there exists a positive definite A ∈ R
γ,δ = γδλ and Γ(S) = cS .
and a constant 0 < µ ≤ 1 such that for all x, y ∈ ∆
Here the dependency of sample size m on λ1 seems
(3.6)
µ · DA (x, y) ≤ Dφ (x, y) ≤ DA (x, y)
awkward. However, we can show that for the case of
1
then a random sample multiset S ⊆ P of size m ≥ γδµ Kullback-Leibler divergence this dependency can not be
improved significantly. To be more specific, consider
satisfies
an input instance P ⊂ [p, 1]2 of size n consisting of
1
1
Pr [Dφ (P, cS ) ≤ (1 + γ) Dφ (P, cP )] ≥ 1 − δ .
(1 − 2m
)n copies of point (p, 1 − p) and 2m
n copies of
point
(1−p,
p).
By
Markov’s
inequality,
with
probability
Proof. From proof of Lemma 3.3 we know that
1
1
of
DA (P, cP ).
Using (3.6) and at least 2 a sample set S of size m consists solely
E[DA (cP , cS )] = mn
1
1
copies
of
(p,
1
−
p).
Therefore,
with
probability
point
Markov’s inequality with γ ≥ mδµ we get
2
(p, 1 − p) is assigned as approximate 1-median of P .


However, we can prove the following lemma.
1
Pr Dφ (cP , cS ) > γ Dφ (P, cP )
n
Lemma 3.6. Let be p < 14 and γ ≤ 14 (ln p1 )−1 . Let P be


1
1
− 1, then point (p, 1 − p) is
defined as above. If m < 2p
≤ Pr DA (cP , cS ) > γµ DA (P, cP ) ≤ δ .
n
not a (1 + γ)-approximate 1-median of P .
Since Dφ (P, cS ) = Dφ (P, cP ) + n Dφ (cP , cS ) the lemma
follows.


1 For

different bases of the logarithm we obtain similar results.

Proof. For simplicity of notation, we identify point
(p, 1 − p) with the real number p, point (c, 1 − c) with
c, and so on. Obviously for the optimal 1-median c of
P we have c = p + 1−2p
2m .
Now let us assume for contradiction that p is a
(1 + γ)-approximate 1-median of P , or equivalently by
Proposition 3.1 DKL (c, p) ≤ nγ DKL (P, c) . By definition
of set P we get
1
1
1
DKL (P, c) = (1 −
) DKL (p, c) +
DKL (1 − p, c)
n
2m
2m
1
1
≤ (1 −
) DKL (p, c) +
DKL (1 − p, c) + DKL (c, p)
2m 
2m

p
1−p
1
) p ln + (1 − p) ln
≤(1 −
2m
c
1−c


1
1−p
p
+
(1 − p) ln
+ p ln
2m
c
1−c
1−c
c
+ c ln + (1 − c) ln
p
1−p
1−p
1
= (c − p) ln
≤ (c − p) ln .
p
p
Hence, by γ ≤ 14 (ln p1 )−1 we get
DKL (c, p) ≤ γ(c − p) ln

1
1
≤ (c − p) .
p
4

time. However, for the Euclidean k-median problem,
no such algorithm is known. Moreover, it has been
shown that finding cS requires finding roots of highorder polynomials, which can not be achieved using only
radicals [2].
It turns out that our definition of the [γ, δ]-sampling
property is far more restrictive than is necessary for our
algorithm. All we have to ensure is that given a constant
sized sample set S ⊆ P , we can find a set of candidates
for the approximate 1-median of cluster P . Being a 1median of S is sufficient for the dissimilarities studied
in Section 3, but in general it is not necessary.
Therefore, we can give a more general definition
of the [γ, δ]-sampling property. It has been shown
by Kumar et al. [21] that the Euclidean k-median
problem, using the `2 -norm as distance measure, as
well as the discrete version of the Euclidean k-means
problem satisfy this weaker property.
Property 4.1. We say a dissimilarity measure D satisfies the [γ, δ]-sampling property iff there exist integer
constants mγ,δ and τγ,δ such that for each P ⊆ ∆ of
size n and for each uniform sample multiset S ⊆ P of
size mγ,δ a set Γ(S) ⊆ ∆ of size at most τγ,δ can be
computed which contains a point c̃ ∈ Γ(S) satisfying
Pr [D(P, c̃) ≤ (1 + γ) opt1 (P )] ≥ 1 − δ.

On the other hand, we know that the Kullback- Furthermore, Γ(S) can be computed from S in time
Leibler divergence DKL (c, p) is the tail of the first-order depending only on γ, δ, and |S|.
Taylor expansion of φKL (c) = c ln c − (1 − c) ln(1 − c)
Algorithm Cluster can be easily adopted to this
at p. Therefore, by the Lagrange form of the remainder
new
definition. In particular, for each subset S 0 ⊆ S
term exist ξ1 ∈ [p, c] and ξ2 ∈ [1 − c, 1 − p] satisfying
of size mγ,δ instead of a single point a constant sized
set Γ(S 0 ) is added to the candidate set. Therefore, the
1
1
D(c, p) =
(c − p)2 +
(c − p)2
asymptotic running time remains the same.
2ξ1
2ξ2


Property 4.1 can be seen as a generalization of the
2
1
1
(c − p)
+
.
≥
(c − p)2 ≥
”random sampling procedure property” from [21]. How2c 2(1 − p)
2c(1 − p)
ever, our result applies to a larger family of dissimilarity
c−p
c−p
1
This leads to 2c ≤ 2c(1−p) ≤ 4 , or equivalently measures. In particular, our result shows that the second requirement from [21] (”tightness property”) is not
1−2p
c ≤ 2p. Since c = p + 1−2p
2m we get 2m ≤ p and finally necessary to achieve a (1 + )-approximation for dissim1
− 1, which is a contradiction.

m ≥ 2p
ilarity measures satisfying [γ, δ]-sampling property.
An interesting direction for future research is to
1
Now assume with probability δ = 2 our algorithm
find additional dissimilarity measures that satisfy the
could compute a (1 + γ)-approximation by using a
[γ, δ]-sampling property. Finally, it remains an open
1
sample set S of size m = 16γp
(ln p1 )−1 . Then for every
problem to give sufficient and necessary conditions for
1
p < 41 and for γ = 14 (ln p1 )−1 we have m < 2p
− 1, which dissimilarity measures such that a (1 + )-approximate
contradicts the observation above.
solution of the corresponding k-median problem can be
Hence, our bound from Corollary 3.3 cannot be found.
1
improved by a factor of 32
(ln p1 )−1 .
4

Generalization and Discussion

In this section we generalize our result to an even larger
family of dissimilarity measures. For the [γ, δ]-sampling
property as stated in Theorem 1.1, we require that the
optimal 1-median cS of S can be computed in finite
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