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Abstract

Most of the work done in the area of static routing concentrates on minimizing the runtime of the
whole schedule rather than minimizing the runtime of individual packets, using global parameters
such as the congestion and dilation of a path collection. In this paper, we study the problem of
minimizing the routing time of individual packets, using local parameters. In fact, we present the
first (up to alog log factor) optimal, truly on-line routing protocols for the following problems:

e Packet switching: Assume that a fixed collection of paths is given. For every path p in this
collection, let ¢, denote the maximum number of paths that share an edge with p, and let d,
denote the length of p. Find a schedule (that does not require to know ¢, and d,,) such that the
routing time of a packet following a path p merely depends on ¢, and d,,.

e Virtua circuit switching: Assume that a fixed set of sessions is given. For every session 7,
packets are injected at arate r; to follow a predetermined path of length ¢;. If the sum of rates
of the sessions using an edge is sufficiently small, find a schedule such that the routing time
of a packet from session 7 merely depends on r; and d;.

We also consider dynamic versions of the two problems together with an injection model that covers
all stochastic and adversarial injection models known to us.
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dungen” and by the EU ESPRIT Research Project 20244 (ALCOM-IT).
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1 Introduction

For many applications such as video conferencing, scientific visualization, medical imaging, and high-speed
execution of distributed algorithms across large networks (such as the Internet), it is of fundamental importance
to be ableto establish connections that guarantee acertain quality of service. Intoday’s communication networks
the guarantee is usually done by establishing so-called virtual circuits. In this communication mode, a user
requests a particular share of the available bandwidth and injects a stream of packets along one particular path
at the agreed-upon rate. An important consequence of the user’s predictability is that the network can, in return,
guarantee the user an end-to-end delay, i. e., an upper bound on the time that any packet takes to move from
its source to its destination. In order to guarantee this delay, the network must determine how to schedule the
packets that contend for the same edge simultaneously. It is known that this can be done in an optima way
if we have a static situation, i. e., no old request is cancelled and no new request arrives, and a polynomial
number of time steps are allowed to compute the respective schedule [1]. However, no on-line schedule with
(asymptotically) optimal end-to-end delay is known for this situation, and no schedule with (asymptotically)
optimal end-to-end delay is known at al for the case that we are in a dynamic scenario, that is, requests can be
cancelled and new requests arrive.

The reserving of bandwidth is very useful for connections of medium or long duration, since the time for
establishing avirtua circuit is usually dominated by the time for sending the information across that line. How-
ever, there are communication requests (such as sending short e-mails on the Internet, or exchanging small data
items between processors in paralel systems), for which it is far too expensive to establish a line (both for
the bandwidth of the system and the end-to-end delay) before sending the information. Such scenarios can be
modeled with the packet switching approach, in which individual packets follow paths that are not known to the
system in advance. In amost all papers on this subject, the performance of a protocol is expressed in terms of
global parameters such as the congestion (maximum number of paths that cross an edge) and dilation (the length
of thelongest path used by apacket). However, it would be much more desirable to be able to send packets along
their paths with an end-to-end delay that only depends on the communication traffic along their own path, and
not on the situation in the whole network.

Such locally efficient protocols could be used, for instance, to exploit topological locality in parallel systems
in a sense that processors which are closely together, according to the topology of the network, can exchange
data much faster than processors that are far apart. Topologica locality can be due to a communication sensitive
mapping of processes (task mapping) or global variables (data management) to processors. Several papers
have already dealt with the question of how to exploit locality for data management in distributed systems
[4, 5, 14, 15]. However, none of them considers the problem of how to actually send messages through the
system. They only deal with minimizing the distance between a datum and its requesting process, or how to
select paths to minimize the congestion at the links caused by the requests. In order to exploit topological
locality, it isimportant to have arouting algorithm that is able to prefer packets accordingly.

1.1 Modelsand problems

In this paper, we consider arbitrary network topologies modeled as undirected graphs with n nodes. The nodes
represent switches, and the edges represent bidirectional communication links with buffers for outgoing packets
on either side. Every node contains an injection buffer and a delivery buffer. Initialy, each packet is stored in
the injection buffer of its source. Once a packet reaches its destination, it is stored in the destination’s delivery
buffer.

Routing is performed in a synchronous “ store and forward” manner. In every step, each edge can be crossed
by at most one packet in each direction. Since a packet has to store its destination, it has to consist of at least
log n bits. Thus, we assume in the following that all packets are of size O(logn), i. €., O(logn) bits can cross
an edge in one time step. (This will be important for our algorithms, since apart from the packets we will also



send specia control packets that can carry a certain amount of information.)

We present routing protocols in which the switches locally decide which packets they move forward in each
step, i. e, adecision only depends on the routing information carried by the packets and on the local history of
the execution. These algorithms are called local control or on-line algorithms.

1.1.1 Theinjection model

In adynamic setting, paths are continuously injected into the system. An injection model is called bounded if
there are T, B € IN, such that for any time interval I of length T' and edge e, the number of paths generated
during I that cross e isat most B (in each direction), either w.h.p*(stochastic models), or with certainty (adver-
sarial models). The injection rate A of the system is defined as B/T'. A routing protocol is called stable if the
number of packets stored at the edges does not increase unboundedly in the course of time. Clearly, a necessary
condition for a protocol to be stable in our model isthat of A < 1.

1.1.2 Thepacket switching model

In general, a packet routing scheme consists of two (not necessarily independent) parts: thefirst part is responsi-
ble for selecting a path for each packet, and the second part is responsible for scheduling the packets along their
chosen paths. We assume that some suitable strategy for the path selection is given. Hence, in the following we
only concentrate on the question of how to schedule the packets along their fixed paths. We use the following
models:

Static packet switching: Assumethat afixed collection of pathsisgiven. For every path p in this collection, let
¢, denote the maximum number of paths that share any edge e of p, and let ¢, denote the length of p.

Dynamic packet switching: Assume that paths are continuously injected into the system according to some
arbitrary injection model. Along each path, one packet has to be send. Once a packet traversed its path, this path
is removed from the system. For each path p, we define ¢, as the maximum number of paths crossing any edge
of p that were in the system when p was injected. d, denotes the length of p.

Obviously, for both models a protocol is worst case optimal if it guarantees a runtime of O(¢ + d,) for
every packet following a path p. (However, this is not an absolute lower bound for every individual packet
since we can aways give a high priority to a specific packet such that its end-to-end delay is ¢,.) Oftenitis
assumed that, in addition to local information, on-line algorithms know the size, congestion and dilation of a
routing problem. We are more strict here, because we assume that nothing about the routing problem is known
in advance. (We only have to know the size of the network which is independent of the routing problem.) This
assumption isimportant, since in general it might be very difficult, if not impossible for the processors, to have
sufficient knowledge about the congestion at other parts of the system. For instance, this might be very difficult
if many paralel programs are executed simultaneously by the same distributed system. Also, processes and
shared objects might be moved while the application is running.

1.1.3 Thevirtual circuit switching model

In general, avirtual circuit switching scheme consists of two parts: The first part is responsible for selecting a
path and a rate for each new session request. The second part is responsible for the scheduling of the injected
packets along the paths prescribed by their sessions. We assume that some suitable scheme (commonly called
admission control scheme) is given that selects a path and a rate for each session. This scheme ensures that the

*Throughout the paper, the terms “with high probability” and “w.h.p.” mean “with probability at least 1 — n~*” wherea > 0 isan
arbitrary constant.



sum of the rates of the sessions using an edge is below a certain threshold. Hence, we only concentrate on the
question of how to schedule the packets along their fixed paths. We use the following models:

Static virtual circuit switching: Assumethat afixed collection of sessionsisgiven. For every session i, packets
are injected at arate r; in order to follow a predetermined path of length 4, (i. e, every 1/r; steps a session i
packet isinjected).

Dynamic virtual circuit switching: Assume adynamically changing set of sessions. For every session i, pack-
etsareinjected at arater; (i. e, every 1/r; stepsasession : packet isinjected) in order to follow a predetermined
path of length d;. After asession with rate r and path p of length d injected its last packet, itsrate is reserved for
d(r,d,n) more steps at the edges of p. (6(r, d,n) can be seen as a deadline given to the last packet to reach its
destination.) Afterwards, itsrate can be used by other, newly injected sessions.

Obviously, aprotocol that guarantees an end-to-end delay of O(1/% + d;) for each session-i packet isworst
case optimal (see also [1]). However, similar to the previous section, it is not an absolute lower bound for every
individual packet.

1.2 Previousresults
121 Packet switching

In a pioneering paper, Leighton, Maggs and Rao [12] showed that there is an off-line schedule for any ssimple
(i. e, loop-free) path collection with dilation D and congestion C that sends all packets along their paths (one
packet per path) intime O(C + D). Since then, many on-line algorithms have been presented for various classes
of path collections (seeg, e. g., [13, 16, 8, 21, 18]). To give two examples, in [8] Cypher et al. present an on-line,
buffer-less algorithm that works for any simple path collection of size n. Their algorithm delivers all packets to
their destinations in time O (D -loglogn + C + %%%T”) w.h.p., provided that the communication links
have a bandwidth of © (log(C - D)/ loglog(C - D)). In [18] Ostrovsky and Rabani present an on-line protocol
with runtime O(C + D + log' ™€ n), w.h.p., for any constant € > 0.

If the local congestion and dilation of the paths isknown in advance for every path, the protocol s presented in
the papers cited above can be transformed into locally efficient on-line protocols. That is, we can replace C' and
D by the local parameters ¢, and d,, in the runtime bound for each packet P. (Simply partition the packets into
setswith max{c,, d,} € [2¢,2"! — 1], and route these sets one after the other.) However, if the local congestion
and dilation of the paths is not known in advance, it is not known how to transform the existing protocols into
locally efficient routing protocols.

Theoretical results about dynamic routing protocols for interconnection networks are relatively new. Several
papers have aready dealt with dynamic routing protocols for butterflies, meshes and hypercubes (see, e. g. [17,
9,10, 7]). Thefirst analysis of a universal protocol can be found in [22]. Among other results, Scheideler and
Vocking present in this paper a dynamic protocol for arbitrary shortest path collections which is stable up to a
constant injection rate under a stochastic injection model. Furthermore, they show that, in the steady state, their
protocol delivers every packet that has to travel adistance of d intime O(d), w.h.p. In[3] Broder et al. present
conditions that are sufficient for the stability of dynamic packet routing algorithms. Their approach reduces the
problem of steady state analysis to the easier question of static routing.

Whereas the results above are based on a stochastic injection model, there have also been some results based
on amodel caled adversarial queuing theory. In this model, it is possible to have an adversary that can select
the paths of the packets within a certain limit. This approach was introduced by Borodin et al. in [6]. Further
results have been presented by Andrews et al. [2]. Among other things, they show that there are simple greedy
protocols that are stable for every network, but other commonly-used protocols (such as FIFO) are not stable for
every network.



1.2.2 Virtual circuit switching

The problem of virtual circuit switching iswell studied. Until recently, the best known delay bound was O(d /)

for packets of session 7 (see[19]). Thiswas subsequently improved in [21, 18]. Ostrovsky and Rabani construct
in [18] an on-line agorithm that routes every packet to its destination with probability 1 —p in O(1/r + D +
log! ™¢(p~")) steps for any constant ¢ > 0, where r is the minimum injection rate and D is the length of the
longest path. In [1], Andrews et al. show the existence of an asymptotically optimal schedule for the static
virtual circuit switching model that achieves a delay bound of O(1/% + d;) with only constant queue size at
the switches. They aso present a simple on-line algorithm that delivers every session-; packet to its destination
within O(1/r; 4+ d; - log(m/rmin)) Steps, w.h.p., where m is the number of edges of the network and 7, isthe
minimum session rate. Furthermore, they extend their results to bursty traffic sessions.

1.3 Our results
1.3.1 Packet switching

Within the static packet switching model, we present a protocol called the FLP (first local packet switching)
protocol that achieves the following result:

Theorem 1.1 For any simple path collection, the FLP protocol routes every packet along its path p in expected
time O(c, +d,, - log(c, +dp)). Furthermore, an additive delay of ¢ to this runtime only occurs with a probability

of at most 2-©(¥/t/1ogt)

The main idea behind this protocol is a strategy that allows the packets to find a suitable lower bound for
their local congestion that holds with exponentialy high probability. The main problem in the analysis of the
protocol is to get rid of certain correlations among the packets. For this, we additionally send special ghost
packets.

Furthermore, we present a protocol called the SLP (static local packet switching) protocol that achieves a
faster runtime than the first one in case that ¢, or d,, islarger than log n.

Theorem 1.2 For any simple path collection, the SLP protocol routes every packet along its path p in expected
time O(c, + dp, - min{log(c, + d,), loglog n}). Furthermore, an additive delay of ¢ to this runtime only occurs

with a probability of at most 2-©(¥/t/1%61) if 3/#7Togt < log n, and n=©(°e?) otherwise.

Apart from static protocols, we al so present adynamic protocol for shortcut-free paths, called DLP (dynamic
local packet switching) protocol. A path collection is called short-cut free if no part of a path can be used as a
short-cut of a part of another path. (This holds, for instance, if no two paths meet more than once.)

Theorem 1.3 For any injection model restricted to short-cut free paths, the DLP protocol routes every packet
along its path p in expected time O(c, + d,, - log log n). Furthermore, an additive delay of ¢ to this runtime only
occurs with a probability of at most 2~ ©(V*/ 1081 if | /t/Togt < logn, and n~ 18" otherwise. Moreover, the
protocol is stable up to a constant injection rate for any bounded injection model.

The advantage of our algorithm over previously presented algorithms is that it does not only predict results
for the steady state (as usually done under stochastic injection models) or the worst case (as done under adver-
sarial models). It can give the runtime of a packet in terms of local parameters at any time point of the dynamic
routing process for any injection model.



1.3.2 Virtual circuit switching

Within the virtual circuit switching model we prove the following result for a protocol named DLC (dynamic
local circuit switching) protocal.

Theorem 1.4 For any static or dynamically changing set of sessions with a deadline of é(r,d,n) = 1/r +
©(dlogloglogn) using arbitrary simple paths, the DLC protocol routes every session-i packet in expected
time at most 1/r; + O(d; logloglogn). Furthermore, an additive delay of ¢ to this runtime only occurs with
a probability of at most ¢~ for any constant «, and an additive increase of poly(logn) only occurs with a
probability of at most n~®(1). Moreover, the protocol is stable as long as the sum of the session rates of each
edge does not exceed some constant.

This is a much better time bound for the expected end-to-end delay than has been obtained before. The
protocol can be applied to bursty sessions where the packets of one session may arrive in batches and many
other injection models with a constant injection rate, yielding similar performance guarantees. Furthermore, our
protocol is more general than the results in [22], because they require the paths to be shortest paths and that
the generation of a message and its routing path has to be independent of the generations of other messages
and paths and independent of other time steps. Moreover, in contrast to [21, 18], our protocol gives flexible
probabilistic guarantees and works with local parameters.

1.4 Probabilistic tools

We will frequently use Chernoff-Hoeffding bounds (or Chernoff bounds in short) in our proofs. These bounds
are defined as follows.

Lemma 1.5 (Chernoff-Hoeffding) Let X;,..., X, be independent binary random variables, and let X =
1 X;. Forany ;o > E[X] and ¢ > 0 it holds that

et s
Pr[X > (14 €¢)E[X]] < <m> .

This can be simplified to

2
e=CH/3 <e<l1
Pr[X > (1+¢E[X]] < { e 3 . w1
Apart from independent random variables, we use the following property.

Definition 1.6 A set of binary random variables X;,..., X,, is called negatively correlated if, for any i €
{1,...,n}andsubset S C {1,...,n} \ {i},

PriX;=1| \ X; =1] <Pr[X; =1].
JES

It has been shown in [20] that Lemma 1.5 also holds for negatively correlated binary random variables.

2 Strategiesfor the Packet Switching M odel

In this section, we prove the theoremsin Section 1.3.1.



2.1 Static packet switching
211 TheFLP protocol

Let usconsider all pathsto be partitioned into sets Sy, Sa, . . ., with S; containing all paths p with max{c,/i,d,} €
[2¢=1,2¢ — 1]. Our protocol worksin rounds, starting with round 1. For every » > 1, the rth round has the task
to route all packets with pathsin S, to their destinations. In particular, we show that

(1) round r takes O(r - 2") time steps, and

(2) any participating packet having a path in S with ' < r successfully reaches its destination with a
probability of at least 1 — 2-©(V27),

This means that

¢ the expected time to route a packet with path in S. is bounded by

S o2+ Y 0(i-2)-279Y2) = O(r.27) :O<max{c—p, dp}-r>
; . r
=1 i=r+1

= O(cp +dp - log(cp +dp)) ,

and
e adeviation of an additive ¢ from this bound occurs with a probability of at most 2-©(/t/logt),

Thus it remains to prove items (1) and (2) above. Let us consider afixed round » > 1. Let T' = /27, Every
edge is assumed to have a bandwidth b of SlogT, i. e., every edge can forward b packets at every time step.
(Obviously, each of these time steps can be simulated in 5 log T time steps by edges with bandwidth 1.) Apart
from the usual packets (called real packets in the following), so-called ghost packets are generated at each node.
In fact, each node generates 7% - log T ghost packets for each of its links. Each ghost packet is assigned a delay
§ € [5T3], chosen independently and uniformly at random (i.u.r.). Ghost packets, however, never redly leave
anode. Aswe will see later, their only purpose is to keep down certain correlations among the real packets.
Furthermore, each real packet P is followed by a so-called counting packet . The packet P’ counts the time
stepsin which at least b packets want to cross an edge of the path of P (this information has to be collected by
the nodes of the network). Let us now describe how round r works. In the following, [z] for someinteger z € IN
denotesthe set {1,...,z}, and [z, y] for someintegers z < y denotesthe set {z, ..., y}.

Round r of the FL P protocol:

e Phase 1. Every packet that has not yet reached its destination, chooses i.u.r. an initial delay J € [47%]
with T = /27, A real packet that is assigned a delay of § waits in its current edge buffer for § time steps
and then tries to move on without waiting until it reaches its destination or traversed 7° edges.

If, together with the ghost packets, more than b packets want to cross an edge e at the same time, then
al of the involved real packets will remain in the outgoing buffer of e until the end of the phase. Such
packets are called unsuccessful.

e Phase 2: For every real packet P, we send a counting packet P along P’s path. In this phase, we do not
use ghost packets any more. P’ uses the sameinitial delay as P and then it moves on without waiting until
it reaches the current edge buffer of P. Obviously, thisis aways possible for P, as phase 2 is a playback
of phase 1.

If a counting packet P’ counts more than (57)? events, where at least b packets (not counting P) try to
cross one of the edges along the path of the corresponding real packet P at the same time, and P was
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unsuccessful in the first phase, P will be dumped, which means that it stays in its current edge buffer for
the rest of the round.

e Phase 3: The third phase consists of 27" passes. For every pass, every unsuccessful but not dumped real
packet chooses i.u.r. aninitial delay from arange of [(BT¥]. Then it attempts to move along the next 72
edges on its path. Once a packet reaches its destination or traversed 7% edges in the whole round, it stops
and is declared successful.

In order to show that the above strategy fulfills the requirements stated in (1) and (2) above, we prove several
lemmas. As aworst case assumption, we assume that the local congestion of a path p is still ¢, during every
round, i. e., every path that shares an edge with p is still participating in that round. Furthermore, we assume
that T is beyond some sufficiently large constant. Since below this constant all rounds take constant time, this
does not affect our runtime bounds asymptotically.

We frequently use the following notation: Given a packet P, asub-path ¢ = q ... e, of P’spath from edge
e1 to ey iscalled its active segment if ¢ represents the path which P attempts to traverse during thisround. A site
isan ordered pair (e, t) with e being an edge and ¢ being atime step. A packet aims for asite (e, t) if it selects a
random delay so that it intends to cross e at time ¢. Furthermore, a packet is said to participate in asite (e, ¢) if
it indeed crosses it during the execution of the algorithm. Define arun of P to be the set of sites which P will
am for for some fixed delay 4, i. e, arun consists of sites (e, §), (e2, 0 +1),...,(es, 6 +£—1). A siteiscalled
d-site (resp. >d-site, >d-site) if exactly d (resp. morethan d or at least d) packets aim for that site.

Lemma 2.1 Consider any fixed ’ < r. A packet with a path in S, is dumped with probability at most ¢! for
any constant ¢ depending on b.

Proof. First, wegive ahigh-level description of the proof. The counting packet of apacket P counts the number
of >b-sitesin order to decide if P gets dumped or not. Thus, we have to bound the number of > b-sites along
the edges of P’s active segment ¢. Since the length of ¢ is at most 7% and the packets can aim for at most 57°
different sites per edge, there are at most 57° sites that have to be considered. The proof is divided into two
parts.

In the first part we show that the number of > b-sites along ¢ can be upper bounded by T with a probability
of at least 1 — e~ 7o T Because packets involved in a > b-site remain in the corresponding edge buffer, the
sites can be regarded as independent of each other. Thus, the probability bound can be obtained by the use of
Chernoff bounds.

In the second part we bound the number of b-sites along ¢. This is much more difficult because now there
are dependencies among sites at different edges of ¢q. For example, the event that a packet traverses a b-site at
time ¢t may significantly influence the event whether thereisab-siteat time ¢+ 1 at its next edge. In the case that
the paths are not short-cut free, there might be additional dependencies among the sites. In order to cope with
the dependencies, we need the ghost packets. These packets allow us to show that the probability of a packet to
beinvolved in more than 33/2T different b-sitesis at most e=¢'”'. Therefore, we can bound the number of b-sites
along g by 82T - (T — 1) with aprobability of at least 1 —e "7 Thus, the number of > b-sites along the edges
of ¢ can be upper bounded by (BT)? with a probability of at least 1 — e=¢*". We now give a detailed proof.

Let P be a packet with active segment ¢ in S/, v’ < r. First, we upper bound the number of > b-sites on
the active segment of P. Consider marking any m sites along the edges of ¢. There are at most 7% edges in ¢
and for each of these edges there are 47% + T2 = 5T possible time steps at which real packets might arrive.
Hence, there are at most (°2") possibilities of marking m sites.

Suppose the m marked sites to be numbered from 1 to m. Let the random variable X; denote the number of
packets participating in site i (i. e, that reach this site in Phase 1), and let X =3"", X;. Sincer’ < r, there
areat most r - 2" = 37 log T real packets that cross an edge of ¢. Together with the 7% log T' ghost packets we
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therefore have atotal of at most 47° log T packets that cross an edge of ¢. Since each of these packets chooses
arandom delay from arange of size at least 47°, the expected number of packets which aim for any one site is
at most log T'. Therefore, E[X] < mlogT. Since a packet can only participate in one > b-site, we have: If all
m marked sites are > b-sites, then X > b - m and the random variables X; can be viewed as sums of negatively
correlated, binary random variables. Thus, in order to bound the number of > b-sites, we can apply the Chernoff
bounds to obtain

Pr[> m many >b-sites] < Pr[X > fgmlogT | Xi,...,X,, negatively correlated]
B-1 mlogT
e
( Z > '
Let m = T. Then we have, for 8 = max[5 + ¢, e?],

_ mlogT m
5T%\ (et < 5eT0\ " o—BmlogT m(5InT-+In(5))—FmlogT
m Bb

IN

< e(S—B)mlogT — e—chogT

if T issufficiently large. Thus, the number of > b-sites along ¢ can be upper bounded by T' with a probability of
atleast 1 —e T8 |n order to prove Lemma 2.1 it remains to bound the number of b-sites along ¢ (note that
apacket counts the number of > b-sitesin order to decide if it gets dumped or not!). Thisis more difficult than
bounding the number of > b-sites, because now there may be dependencies causing positive correlations among
the sites of ¢. In order to cope with these dependencies, we need the ghost packets. These packets allow us to
show the following proposition.

Proposition 2.2 Consider any fixed 7/ < r. For any constant v > 0 there is a constant 5 > 0 for b so that a
packet with path in S, participates in at most 3%/2T b-sites with probability at most e 77"

Proof. Consider afixed packet P with active segment ¢ = ¢ ...ep in S, v’ < r. In the following, let the
random variable X; denote the number of packets participating in the site of P’s run at edge ¢ including P,
i €[f,andlet X = Ele X;. In order to bound the number of b-sites in which P participates, we prove the
following claim.

Claim 2.3 Foranyi: € [¢/] and set J C [/] \ {i} and any ¢; € INg with j € J it holds
1
PI‘[XZ' >b| (/\jEJXj :Cj) N X; Zb] > @-PI‘[XZ' :b| (/\jEJXj :Cj) N X; Zb] .

Proof. W.l.o.g., weassumethat J = {1,...,k} andi = k+1 for somek. Let M bethe set of all possibilitiesto
select packets such that X; = ¢; for all j € [k]. Each of these possibilities may be represented by aconfiguration
C = (Cy,...,Cy), where C; isthe set containing those ¢; packets that participate in site j. Let E¢ be the event
that configuration C' istrue. Then

Pr[AjemX; = ¢j] = PrlUcenmEc] -

Now, let the random variable Z, denote the number of real packets that participate site £ + 1, and let Z
denote the number of ghost packets that aim for (resp. participate in) site k + 1. Given afixed Z., the probability
that exactly b — Z, ghost packets aim for site & + 1 iseither O if Z. > b or

T3log T <i>bzr (1_L>T3logT(bZr)
b— 2, 513 573 '
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Thus, for any fixed configuration C,
Pr[Xk+1>b|EC AN Zp>b A Xk+1Zb]2PI‘[Xk+1:b|EC AN Zpr>b A Xk+12b]:0

and otherwise

Pr(Xpp1 >b0|Ec N Z, <b A Xpq1 > b]
Pr(Xpp1 =b0|Ec N Z, <b AN Xpq1 > b]
PI“[X]H_l >b | Ec N Z, < b]
PI“[X]H_l =b | Ec N Z, < b]
Pr[Z,=b+1~-Z, | Ec A Z, <D
Pr(Z, =b—Z, | Ec N Z, <D

S o Pr[Z, =i|Ec|-Pr[Z,=b+1—Z, | Ec A Z, =1
b o Pr[Z, =i|Ec|-PrZ,=b—Z, | Ec N Z, =1]
ShoPrizy =i Bel- (0 T) ()™ (1= o)
el =i | Bel- (T (k) (1 - 5
T?logT —b  1/(5T%) log7 1

> =
= b+1 1—1/(573) = 6b  6f

>

) T3 log T—(b—1)

if T issufficiently large. Therefore,

PriXp1 > b (Ajeg Xi = ¢j) A Xpy1 2 0]
PriXpi1 =0 (Aje Xi = ¢j) N Xp1 2 0]
S een PrXisr > 0| B A X1 > b]
Ycem Pr[Xpp1 =b[ Ec A Xpp1 > 0]
55 Lcem PrlEC] - Pr[Xp = b | Ec]

>

> cerr PHlB] - Pr{Xps1 = b] Bl
> L
> o

O

The above claim implies that for each additiona > b-site in which P isinvolved, the probability that thisis
a > b-gite (and therefore P stops) is at least a constant times the probability that thisis ab-site (and therefore P
can continue). Let A, (resp. Asy, Asp) be the event that some given site i is a b-site (resp. > b-site, > b-site),
assuming any event A ;¢ ; X; = ¢; with J C [¢] \ {i}. Then

_ Pr[4,] Pr[A]
Pr[A, | Asy] = Pr[Abe] - <Pr[Ab] + P?r[A>b]>

Pr[A4,] N A e
<Pr[Ab]+%Pr[Ab]>_<1+$>_<1 65+1>S T

Setp = e 1. Now we are ready to bound the number of b-sites along the active segment ¢ which P will
see on itsrun. Note that the number of b-sites in which P participates is at |east the number of > b-sites minus
one, because P stops as soon as it participates in a > b-site. Let D = P([¢]) represent the set of all possible
distributions of < b and > b-sites dlong P’srun in the following way: For any U € D, let the event F; denote
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the set of al outcomes such that U contains exactly those sites that are > b-sites. Let the binary random variable
Y; beoneif and only if sitei isab-siteand thereisno sitej < i thatisa> b-site. Furthermore, let Y’ :Zle Y;.
Then it holds:

PrlY > k] < Y Pr[Ey]-Pr] A Y; = 1| Ey]
UueD first kK numbersicU
= ) Pr[Ey]- 1T PrlYi=1[EgA( /\ Yj=1)]
UueD first K numbersicU jeu: j<i
< > Pi[By]-ph=pF
UeD

Hence, for 3/2 /(63 + 1) > v it holds

2 _p32
Pr[Y > ,63/2T] < pﬂs/ T — e omnil <o T

This completes the proof of Proposition 2.2. O

We are now ready to prove Lemma2.1. First, we define a set of binary random variables X, ..., X,,,. Each
X; corresponds to one of the at most 57° possible sites along the edges of ¢ (i. e., m < 57°%). X; isequal to 1
if and only if at least b/2 packets aimfor site i. Clearly,

Pr(X; = 1] < <4Tz;}(;gT> <4—71,3>b/2 . <%>b/2 |

Let X = S, X;. Then E[X] < m - (2¢/B)Y? < 1if B > 4e and T is sufficiently large. Let the random
variable X' denote the maximum number of sites along ¢ for each of which a set of at least /2 packets aiming
for it can be marked that is digjoint to all other sets of marked packets. Clearly, X' < X. On the other hand, if
there are at least £ many b-sites and no packet participates in more than d of them, then there are at least k/d
of these sites for each of which a set of b/2 packets can be marked that is digoint to all other sets of marked
packets. Assume that thisis not the case, and let ¥ < k/d be the maximum number of b-sites with the property
above. The corresponding ' - b/2 marked packets can be used to construct a participation by at least b/2 packets
foratmost k' -b/2-d/(b/2) = k' -d < k sites. Thus, there must be at least one additional b-site that has at least
b/2 packets that have not been marked by the ¥ selected sites, which contradicts the assumption.

Hence, to summarize our observations, if there are at least £ many b-sites along ¢ and none of the partici-
pating packets participates in more than d of them, then X’ > k/d. Furthermore, the corresponding X;'s are
negatively correlated, as the sets of marked packets are digoint. Since E[X'] < 1 if 5 and T are sufficiently
large, it follows from the Chernoff bounds that

Pr[X’ > k/d] < (kiﬂj)k/d .

If weset k = 52T(T — 1) and d = 5%/2T, we obtain

BY/2(T—1
e) (T-1) <ot

Pr[X’ > BY4(T - 1)) < (T

if T and g are sufficiently large.
According to Proposition 2.2, the probability that some fixed packet participates in more than /4/2T many
b-sitesisat most e 7' for any constant v/ depending on 3. Thus, the probability that there are at least F/2T -
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BY2(T — 1) = B2T(T — 1) many b-sites along the edges of ¢ can be made as small ase¢ "7 for any constant
7" > 0.

Set ¢ = 7" — 1 and assume 7' to be sufficiently large. Then, together with the bound on the number of
> b-sites, we obtain a probability of at most e~ for any constant ¢ (depending on j3) that packet P has more
than B2T(T — 1) + T < (BT)? many >b-sites along its active segment. 0

Lemma 2.4 Consider any active segment ¢ in S with 7' < r. It holds for any constant ¢ depending on b that,
with probability at least 1 — e 71067 every edge of ¢ is contained in at most (37')? - log T' active segments of
packets that were unsuccessful in Phase 1 but have not been dumped.

Proof. Consider some fixed edge e of ¢. First, we bound the expected number of active segments of unsuccess-
ful, non-dumped packets containing e. For this, consider some fixed packet P. Let Ap be the event that it fails
without being dumped, that is, from the start of its active segment to the place where it fails the other packets
form at most (B7)? many > b-sites. Let D denote the set of all possible distributions of the packets among the
sitesof P, and let E; be the event that agiven distribution d € D istrue. Then

Z Z ,32 ,32
Pr[Ey] - Pr[Ap | E4] < Pr[E,] -
deD deD 4T 4T

since the probability that P aims for any of the (8T'Y first > b-sites along the path of P given by d is at most
(BT)?/(4T3). Asthe edge e chosen above belongs to apath in S for some 7’ < r, e is contained in at most
T31og T active segments. Hence, the expected number of unsuccessful, non-dumped packets containing e in
their active segment isat most 1 (87)% log T'.

Consider now any set of packets P, ..., P, crossing e. Set p = (2/(4T). Let D denote the set of all
possible distributions of the packets, not containing any of the packets R, ..., P, among al the sites in the
active segments of P, ..., P, and let £, be the event that a given distribution d € D istrue. Furthermore, let
D; denote the set of all possible distributions of all the packets, excluding £, among the sites along the active
segment of P,. Since the packets choose their delays independently at random,

PI‘[AP1 Nn...N Apk]

= Z Pr[Ey] - Pr[Ap, N...N Apk | Eq)
deD

k
= ZPI‘[Ed HPI‘ Api |z4p1 ﬁ...ﬂApi_l ﬁEd]

deD i=1
k
= > PrEJ]]| D PrlEs | Ap N...0 Ap_, N Ey]-Pr[Ap, | Ey]
deD i=1 \d'€D;
k
< ZPI‘[Ed H Z PI‘[Ed/ | Apl ﬂ...ﬂApi_l ﬁEd]'p :pk .
deD i=1 \d'€D;

Hence, for an upper bound on the number of unsuccessful, non-dumped packets the events 4p, can be treated as
if independent with a probability of p to be true. Thus, using the Chernoff bounds, the probability that segment
q has an edge that is contained in at most (37')? log T active segments of unsuccessful, non-dumped packets,
where 82/3 > ¢+ 1, isat most

T3 . o ~((BT)*10gT)/3 e?)lrle(chl)T2 log T ~ echz log T

if T issufficiently large. O
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Lemma 2.5 Consider any ' < r and packet P with a path in S,, that was unsuccessful in Phase 1 but was
not dumped. If the congestion bound in Lemma 2.4 istrue for P’s path then it holds: The probability that P is
unsuccessful in Phase 3 is at most e~ “7"1°¢ T for any constant ¢ > 0 depending on b.

Proof. Let S bedefined asin the proof of Lemma 2.1. Since the packets choose a random delay out of arange
of [(8T)?], and at most (3T)? log T active segments cross any edge, the expected number of packets that aim
for one siteis at most log T'. Hence, together with the Chernoff bounds, the probability that P is not successful
in one sub-pass is at most

eﬂil lOgT
T2 . <W> <72, e—ﬁlogT < e—(ﬁ—Z) logT

for B > e2. Thus, for B > max{c + 4,e?} the probability that P failsin at least T of 27 sub-passes is at most

(ZT) e (B-2TlogT  2T—(B-2)TlogT o~ cTlogT

Hence, the probability that some fixed packet with path in S (+' < r) failsin round r is at most

_ —cT2. —cT- _
e cT +e cI'?logT + e cI'-logT <2 cT
N———

)

——
Lemma2.1l Lemma24 LemmaZ25

which completes the proof of item (2) above. Since 3 is a constant, Phase 1, 2 and 3 each take O (7% log T') =
O(2" - r) time steps. From thisitem (1) follows, which completes the analysis of the protocol.

2.1.2 TheSLP protocol

In this section we transform the FLP protocol into a protocol called SLP with a packet delay of O(g, + d), -
min{log(c, + d,),loglogn}) steps. As before, we consider all paths to be partitioned into sets §, Sz, . . .. For
i < 3loglogn, S; contains al paths p with max{c,/i,d,} € [2"1,2° —1]. Fori > 3-loglogn, S; contains al
paths p with max{:,,logcifogn, dy} € [2071,2¢ —1]. Again, our protocol worksin rounds. For every > 1, round
r isresponsible for routing all packets with pathsin S, to their destinations.

Rounds 1to 7' = 3 - log log n work as in the FLP protocol. For round » > ¢/, the paths of all participating
packets are divided into path segments of length log® n. Round r consists of 3 - 27" sub-rounds that work like
round r’ in the FLP protocol. Each of these sub-rounds is responsible for the routing of the packets along one of
their path segments. Initially, every packet chooses aglobal delay A i.u.r. fromtherange [2 -2 —’"']. A packet
with a global delay of A waits for A sub-rounds and afterwards participates in 2~ consecutive sub-rounds.
If, for some: > 1, it fails to cross its isth path segment in sub-round A + ¢, it gets dumped, i. e,, it remains at its
current edge buffer until the end of round r.

It is easy to see that w.h.p. the congestion within every sub-round is at most log® n for every participating
packet as the packets choose their initial delaysi.u.r. Under this assumption, it follows from the previous section
that w.h.p. a packet fails in none of its sub-rounds. Since the runtime of round r is at most

O - (r-2")) = 0" - 2") = O(2" - loglogn) = O(c, + d,, - loglogn))

for r > r', Theorem 1.2 follows.
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2.2 Dynamic packet switching

In this section we prove Theorem 1.3. For this, we first show how to modify the SLP protocol to obtain an
O(cp +d, -log log n)-protocol for the dynamic packet switching model, called FDLP protocol. In the following,
we call the time step at which a packet is injected its birth date. We define a path p to belong to set § if, at
the time of its injection, max{mg"’%,dp} € [2071,2" — 1]. (Recall that ¢, is the congestion caused by all
packets that are at least as old as the packet following p.) One of the differences to the static situation is that
we now assume that all edges have a bandwidth of 33 log log n. The available bandwidth is divided into three
parts. Each part has a bandwidth of b = loglogn. The ith part is reserved for packets that are in phase ¢ of
their current round of the FDLP protocol (see below). Asnoted in Section 2.1.1, each step using edges of this
bandwidth can be simulated by 33 log log n steps using edges of bandwidth 1. We assume that all paths used
by the packets are short-cut free. Due to this assumption, the FDLP protocol does not require ghost packets any
more. It works as follows:

Every newly injected packet starts immediately with round 1. As soon as it finishes round r, it starts with
round r 4 1, and so on, until it reaches its destination. For » < 2 log log n, round r works as follows:

Round r of the FDL P protocol for packet P:

e Phase 1: This phase takes 377 time steps. If P has not yet reached its destination, it chooses i.u.r. an
initial delay § € [272%]) with T = /2. If P chooses adelay of 4, it waits in its current edge buffer for &
time steps and then tries to move on without waiting until it reaches its destination or traversed 72 edges.

In the casethat P wantsto cross an edge e at the sametime as at least b other packets that are at |east asold
as P, then P remains in the outgoing buffer of e until the end of the phase. Otherwise, P triesto reserve
bandwidth for its counting packet for exactly 37° time steps later. If this is not possible, because at that
time step the bandwidth of e has aready been completely reserved by b non-younger packets, then P also
remains in the outgoing buffer of e until the end of the phase. In both cases, P is called unsuccessful.

e Phase 2: This phase also takes 377 time steps. For packet P, a counting packet P is sent adong P’s
path, using the same initial delay as P. Since P successfully reserved bandwidth for P till its current
position, P’ will manage to reach P in phase 2. The task of P isto count the number of possible delays
for P for which either P or P’ would have been unsuccessful (i. e., P has to count the number of delays
for P for which either the run of P or the run of P contains a site with at least b non-younger packets,
not counting P and P'). If P’ counts more than min{37/log T, $logn/loglogn} of these delays, P is
dumped, which means that it staysin its current edge buffer for the rest of the round. Obviously, P needs
only O(logn) bits to store the necessary information.

e Phase 3: The third phase consists of 27" passes. If P was unsuccessful but not dumped, than P chooses
for every passi.u.r. aninitia delay from arange of [yT'], where v isasufficiently large constant depending
on 5. Then it attempts to move along the next T' edges of its path. Once a P reaches its destination or
traversed altogether 72 edges in the current round, it stops and is declared successful.

For r > 2loglog n, round r works as round r of the SLP protocol with the difference that /¥ = 2loglogn
and a sub-round works as round 7’ above.

Since we restrict ourselves to short-cut free paths, the probabilities that different runs have a > b-site are
negatively correlated and therefore can be regarded as independent of each other for an upper bound on these
runs. (Thus, we do not need ghost packets any more to destroy dependencies.) Aswe will see, this can be used
to prove that, for any round r of a packet whose path belongsto S with r' < r, the probability that this packet
is not successful is at most e~ ¢™M{7}ogn} for any constant ¢ > 0. Since round - now takes only O(T?) steps
(instead of O(T?) steps for FLP and SLP), the probability for an additive delay of at least ¢ can be improved to
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at most 2-©(V*/1egt) \We will prove this by three lemmas. In the following, let the function ¢ be defined as
¢(z) = min{z, logn}.

Lemma 2.6 If the path of a packet P belongs to S, for some r' < r, then the probability that it is dumped in
round r is at most e=<?(7) for any constant ¢ depending on .

Proof. Suppose that P isinround r > ¢. If r < 2loglogn, then P has to follow a path of length 72 = 2~
and the congestion along this path caused by packets that are at least of the sameageas P isatmost r - 2 =
272 log T. Clearly, each of these packets has to be in around of number at least r. Thus, the range from which
these packets have chosen their most recent delay is at least 27%. Since the delays are chosen independently at
random, the probability that b = /3 log log n of these packets (or their counting packets) aim for some fixed site

intherun of P or P isat most
2 b BlogT
) 277 logT (L) §2<E> .
b 272 3

Let Xi,..., X 72 denote acollection of binary random variables with the property that X; is 1 if and only
if the ith run of P or the ith run of P has at least one > b-site. Furthermore, let X = "2’} X;. For each X; it

holds that
e BlogT
Pr[X; =1]<T?-2 <B> :

If 8 > 2e and T islarge enough, then

212 e\ BlogT
EX] < Y o1*. <B> <4rt. TP <1,
=1

Since we only alow short-cut free paths, the X; are negatively correlated. Hence, we can use the Chernoff
bounds to bound the probability that at least 57"/ log T' of P’s delays are bad by

< e~ BT/2

BT/logT
Pr[X > AT/ log T] < ( )

BT /logT

if T is sufficiently large and 3 > e. Thus, the probability that P isdumped is at most e 7" with ¢ = 3/2.
If » > 2loglogn, then it can be shown in asimilar way as above that the probability that P isdumped is at
most e ¢1ogn, 0

Lemma 2.7 Consider any packet P with path in S, that isin Phase 3 of round r > /. The probability that
there is an edge along P’s path with a congestion of at least 7 is at most ¢ <?(T) for any constant ¢ > 0
depending on g.

Proof. Recal that Phase 3 hasits extra part of the bandwidth. Hence, the congestion we have to bound is solely
due to packets that are also in Phase 3 of some round.

Consider some fixed edge e along the path of P. First, we bound the expected number of active path
segments of packets participating in Phase 3 containing e. Suppose that » < 2 log log n. We know that there are
at most r - 2" = 272 log T' packets in the system that intend to cross e and that are at least as old as P. Since
P is dready in Phase 3 of its round, this means that all the other packets must be in Phase 3 of some round
at least  in order to contribute to the congestion. Let the random variable X denote the congestion caused by
these pacekts. Similar to Lemma 2.4, it can be shown that the probability of a packet to be unsuccessful and not
dumped is at most (87'/ log T')/(27?). Thus,

PT/logT

E[X] < 2T%logT = BT .
[X] < og 577 B
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Since, according to the proof of Lemma 2.4, the probability of a packet to be unsuccessful and not dumped
can be viewed as being independent of the other packets for an upper bound on the congestion, we can use the
Chernoff bounds to obtain

Pr[X > 28T] < e PT/3

Thus, the probability that there is an edge along P’s path with congestion at least 25T is at most

if 8> 3c+ 1and T issufficiently large.
For » > 2loglogn, asimilar proof shows that the probability that P has a congestion of at least 25 logn
along its path it at most e~¢1°8 ", O

Lemma 2.8 Consider any packet P with a path in S, that was unsuccessful in Phase 1 of round r > ¢ but has
not been dumped. If the congestion bound in Lemma 2.7 istrue for P’s path, then it holds. The probability that
P isunsuccessful in Phase 3isat most ¢ ¢?(T) for any constant ¢ > 0 depending on 3.

Proof. The proof of thislemmais similar to the proof of Lemma 2.5. O

The three lemmas above imply that the probability of a packet with path in S to fail around r > ' isat
most 2~ ?(T) for any constant ¢ > 0, as desired. Next we show how to transform the FDLP protocol into a
dynamic protocol, called DLP, that is stable.

2.2.1 Stability under any bounded injection model

In order to complete the proof of Theorem 1.3 it remains to show how to ensure stability. Consider an arbitrary
path selection strategy based on an arbitrary bounded injection model, and applied to an arbitrary network. Let
T be the minimum number for which there is a A such that, for any fixed time interval of length T and edge e,
a most AT paths are generated (w.h.p.), that contain e. Furthermore, set D = d,,x - log log n with d,.x being
the length of alongest possible path injected into the system.

We extend our dynamic protocol presented in the previous section to a protocol called DLPin the following
way: Give every edge an additional buffer called overflow stack. Packets that are longer in the system than some
threshold ¢ are moved on top of the overflow stack. In order to re-inject the packets into the system, we divide
the time into frames of length m /), for some A, < 1, where m is the number of edges in the network. During
each frame, each edge is allowed to re-inject the first packet (if it is not empty) of its overflow stack. In fact,
the ith edge is alowed to re-inject a packet in the i/ \.th time step of each frame. These re-injected packets, of
course, increase the injection rate. For some fixed time interval I of length 7" and edge e, up to (A + X.) - T
paths are injected into the system (w.h.p.) during I that contain e. Now Set dg = A + Aj-.

We already know that the time needed by the FDLP protocol to send a packet along a path p is a most « -
(cp+dp-loglog n)+Blog? n, w.h.p., where a and (3 are constants. Let ¢ be chosen asmax[2(aD+ 3 log? n), T].
Since the congestion of a newly generated path p is at most A\ - ¢ (W.h.p.), the time a packet needs to traverse p
isat most

a-(Ne - t+ D)+ Blogin < Aefft + — —

2a
= o (e +1/(20)) - t

t log?
a.< 505 n>+ﬁlog2n

w.h.p. Thisisat most ¢ if Aeg < % Therefore, if we choose A, as ﬁ the DLP protocol will be stable for any
A<
— 4o
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Using methods in [22] it can be shown that, if the probability of a packet to get moved to an overflow stack
is sufficiently small (a probability of n~©(1) suffices), then the number of packets stored in overflow stacks
does not grow unboundedly in the course of time. Hence, the DLP protocol is stable up to some constant .
Furthermore, the expected routing time of apacket can be shown to be similar to the expected routing time given
by the SLP protocol.

3 Strategiesfor the Virtual Circuit Switching M odel

In this section, we present aprotocol called DL C that can be applied either to the static or to the dynamic virtual
circuit switching model with é(r,d,n) = 1/r + ©(dlogloglogn). Furthermore, we show that it achieves the
performance stated in Theorem 1.4. The DLC protocol uses arecursive refinement strategy over two levels, and
applies techniques presented in the previous section and by Rabani and Tardosin [21].

In order to simplify our analysis, we will transform the possibly deterministic or bursty injection process
into a simple stochastic injection process: All packets generated for session i are first moved to their injection
buffer. From there, we take a packet every 1/r; steps. For this packet, a delay is chosen i.u.r. from arange
of [1/r;]. After this delay, the packet finaly starts to participate in DLC. Since in our virtua circuit switching
models it is guaranteed that, for every edge e, the sum of the rates of the sessions using it is bounded by some
parameter A\ < 1, and in the dynamic model overlaps of old and new sessions will be prevented by §(r,d, n),
we will be able to design a routing protocol with the help of our stochastic injection process that ensures delay
bounds for the packets that depend on local parameters.

3.1 Description of the DLC protocol

To simplify the description, let us assume that all edges have a bandwidth of b = ©(logloglogn), i. e., every
edge can forward up to b packets in one time step. Furthermore, we assume that the injection rate A is bounded
by €loglog log n for some (sufficiently small) constant e > 0. It is easy to see that this model can be transferred
to amodel in which every edge has a bandwidth of 1 and X < /b such that a packet that has an end-to-end
delay of ¢ inthe former model has an end-to-end delay of at most ¢ - b in the latter model.

We partition the time into digjoint intervals of length O((logn - loglogn)*), called global phases. The
starting points of the global phases are synchronized among all processors. Each global phase has two tracks:
anormal track and a catch-up track. The bandwidth of the edges is divided evenly among the tracks, i. e,
every track can forward up to b/2 packets over an edge in each time step. Let the global phases be numbered
consecutively, starting with 1. A packet participates aternately in a normal track and a catch-up track. In
particular, a packet generated in a globa phase with even (resp. odd) number only participates (up to a special
warm-up phase, which will be explained later) in normal tracks of global phases with even (resp. odd) number
and catch-up tracks of global phases with odd (resp. even) number.

Let us call a packet that is already in the system for at least 3 global phases an old packet. Otherwiseit is
called ayoung packet. In the following two subsections we explain how to route these packets.

3.1.1 Routingtheold packets

Every old packet tries to cross exactly (logn - loglogn)? edges in each of its normal tracks. If it failsin its
normal track, it uses the subsequent catch-up track to cross the remaining edges. If it aso fails in the catch-up
track it is moved to a special buffer called overflow stack. From there it is injected back into the system as
described in Section 2.2.1. In the following we describe how the normal tracks and the catch-up tracks work.
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Structure of a normal track

A normal track consists of log? n - (log log )3 time intervals of equal length called normal passes. Each normal
pass isresponsible for sending the packets along log n further edges of their paths. It consists of (a+ 1)(1()%;;7)3
timeintervals of equal length, called local phases, where o > 0 is some constant. A local phase works as round
r of Static Protocol | with r = 31og log log n. Thetask of alocal phase isto send the packets along (log log n)?
further edges of their paths. (We assume the bandwidth b to be chosen such that the packets can traverse their
paths in phase 1 of the local phase without waiting.) If a packet fails to cross this number of edges in alocal
phase, it stops for the rest of the normal track (and therefore fails it).

At the beginning of a normal pass, every old packet chooses i.u.r. aninitia delay § € [a(loﬁg"T)g]. A
packet that is assigned a delay of § waitsin its current edge buffer for § local phases. Afterwards it participates
in ﬁgT)g consecutive local phases.

From Section 2 we know that a local phase takes O((loglogn)?) time steps (recall that the edges have a
bandwidth of b = ©(r)). Hence a normal pass takes O(logn) time steps, and therefore a normal track takes

O((logn - log log n)3) time steps, as desired.

Structure of a catch-up track

A catch-up track consists of 2 logn time intervals of equal length called catch-up passes. Each catch-up pass
is responsible for sending the packets along log n - (loglog n)? further edges of their paths. Once a packet
traversed (log n - log log ) edges together with the previous normal track, it stops for the rest of the catch-up
track and is declared successful. A catch-up pass consists of (a+1) log® n local phases for some constant o > 0.
A local phase in a catch-up track works as alocal phase in anormal track.

At the beginning of each catch-up pass, every still unsuccessful packet chooses i.u.r. aninitial delay § €
[ log? n]. A packet that is assigned a delay of § waits in its current edge buffer for ¢ local phases. Afterwards
it participates in log? n consecutive local phases.

Since a local phase takes O((log logn)?) time steps, each catch-up track requires O((logn - log log n)?)
time steps, as desired.

3.1.2 Routingtheyoung packets

We distinguish between young and old packets to alow packets to choose no delay or only very small delays
right after they are injected into the system. This has the advantage that packets that only have to travel a very
short path, e. g., of length log log n, do not have to chooseinitial delays usually required at the beginning of each
pass and local phase. Otherwise, such delays would make it impossible for us to guarantee an expected runtime
of O(1/r; + d; logloglogn) for every d;.

We now describe how to route the young packets. For every packet, we declare the globa phase in which
it is generated and the following global phase as its warmup normal track. The two phases after its warm-up
normal track are called itswarm-up catch-up track. Let the normal passin which it is generated together with the
following normal pass be called its warm-up normal pass. Furthermore, let the first two local phasesin which it
participates be called its warm-up local phase.

A newly injected packet immediately participates in all remaining passes of its warm-up normal track. If it
failsin one of thelocal phases of thistrack, it participates in its warm-up catch-up track to ensure that it traverses
al edgesthat it was supposed to traverse in its warm-up normal track.

In its warm-up normal pass, the packet immediately (that is, without an initial delay) participates in all
remaining local phases of the first pass of its warm-up pass and the first (loﬁg"T)g local phases of the second
pass of itswarm-up pass. All other passes work as usual.
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Finally, we describe how a packet behaves in its warm-up local phase. Let # be the number of time steps
covered by alocal phase. A packet injected into the system ¢ time steps after the beginning of its warm-up local
phase immediately tries to traverse 24— (log log n)* edges. If it fails to traverse L.t (log log n)* edges, it tries
to traverse them in the second phase of its warm-up local phase. The remaining of ththQ—I_lt (loglogn)? edges
are traversed in the local phase after the warm-up local phase.

Starting with the local phase after its warm-up local phase, the movement of ayoung packet is synchronized
with all other young packets that have been generated at least two local phases before, in a sense that the
number of edges traversed so far divided by the age is the same for all of these packets at the beginning of each
normal pass. However, young packets are only synchronized with the old packets after their warm-up tracks.
Nevertheless we can route the young and old packets together in the same tracks, since our routing strategy
ensures that the expected number of packets traversing any edge at any time step is O(log loglogn) for both
groups of packets.

3.2 Analysisof theDLC protocol

In this section we sketch the proof of Theorem 1.4. Wewill only concentrate on bounding the success probability
of old packets, simply called packets in the following. The analysis for the young packets is similar. Given a
packet P and atrack (resp. pass or local phase) = in which P participates, let the 7-segment of P denote the
part of its path it intends to traverse in «. Let us consider in the following some fixed normal track II. The
injection strategy together with our strategy to synchronize the movements of the packets yields the following
two lemmata. (The proof of the first lemmais easy and therefore omitted.)

Lemma 3.1 For any ¢ > 0 thereis a constant ¢, so that the probability that the congestion at any edge in any
passin I exceeds log n - log log logn isat most n™¢.

Lemma 3.2 Under the assumption that Lemma 3.1 holds, the probability that the congestion at some fixed edge
in some fixed local phasein Il isat least s = (log log n) log log log n is at most (e/c)®.

Proof. Asthe packetsindependently choose random initial delays from arange of [aﬁg"T)g] at the beginning

of each pass, the bound above can easily be shown with the help of Chernoff bounds. O
Let IT’' be the catch-up track following II. The above two lemmata allow us to prove the following lemma.

Lemma 3.3 For any ¢ > 0 thereisay > 0 such that the probability that the congestion at any edge in II
exceeds v log? n - (loglog n)? - log log log n is at most n°.

Proof. Fix someedgee. Set s = (loglogn)? - log loglog n. Assume that at least T' = ~ylog? n - (loglog n)? -
log log log n packets fail in IT whose IT-segments contain e. Then

(1) there must be either I /2 packets that failed in alocal phase 7 of II in which the congestion at some edge
of their m-segments was larger than s, or

(2) there must beI'/2 packets that failed in alocal phase 7 of IT in which the congestion at every edge of their
m-segments was at most s.

Wefirst consider case 1. Set ¢ = I'/2. Since the failures of packetsin different passes are independent, we only
have to bound the dependencies among failures within one normal pass. Assume that ¢ of the failures fall into
one pass. It isnot difficult to show that, by selecting a suitable set of s packets to witness atoo high congestion
for each of these ¢ packets, each of these s packets can occur in at most 2s - log n other packet sets. This allows
us to conclude that, if altogether g packets fail then there must be g/ (2 - log n) sets of s packets that are either
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independent, because they represent congestion events in different normal passes or because the packet sets are
digoint. Thus the probability that there are g packets that fail in alocal phase = with atoo high congestion is at
most
(logn - loglog n)® log log log n (e)% e
— <n
g/(2s% - logn) a -

if « and  are sufficiently large.

Next we consider case 2. It is not difficult to see that here the failure of a packet P in some local phase =
only depends (in our analysis) on afailure of a packet P in some loca phase ' if # = n’ and there is a packet
that intends to traverse an edge of the m-segments of P and P in «r. Thisimplies apoly(loglogn) dependency
among the failure events. Together with the probability bound for apacket to fail in alocal phase (see Section 2),
we therefore get asimilar probability bound as above, which concludes the proof. O

With this lemma and the proof of Lemma 2.5 it is easy to show that the probability that a packet failsII is
polynomially small in n. This completes the proof of Theorem 1.4.

4 Conclusion

In this paper we presented locally efficient on-line routing protocols for static and dynamic packet switching
and virtual circuit switching models. Many open problems remain. For instance, is it possible in the packet
switching model to route a packet on-line along a path p in expected time O(¢g, + d,,)? Can our result for the
dynamic packet switching model be generalized to arbitrary simple paths? We assume that, when using the
techniques in [18] together with our ideas, it is possible for the virtual circuit switching model to have a protocol
that guarantees an expected delay of O(d; + 1/r;) for a session-i packet. However, is it possible to have one
protocol that guarantees a deviation of more than ¢ from this delay bound with a probahility that is exponentially
small int for every ¢?
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